arXiv: 1501.00763v6 [math.RT] 1 Mar 2016 


ON A LIFTING PROBLEM OF L-PACKETS 
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Abstract. Let CCGbe two quasisplit connected reductive groups over a local field of characteristic zero 
and they have the same derived group. Although the existence of L-packets is still conjectural in general, 
it is believed that the L-packets of G should be the restriction of that of G. Motivated by this, we hope 

to construct the L-packets of G from that of G. The primary example in our mind is when G = Sp(2n), 

whose L-packets have been determined by Arthur (2013), and G = GSp(2n). As a first step, we need to 
consider some well-known conjectural properties of L-packets. In this paper, we show how they can be 
deduced from the conjectural endoscopy theory. As an application, we obtain some structural information 
about L-packets of G from that of G. 

1. Some standard notations 

Suppose F is a field, we denote its algebraic closure by F. Let G be a reductive algebraic group over 
F and 0 be an E-automorphism of G. We denote the identity component of G by G°. If G is connected, 
we denote the derived group of G by Gd er , and the adjoint group of G by G a d ■ Let G sc be the simply 
connected cover of Gder ■ If G is the complex reductive group dual to G, we write Gd er , G a d for the derived 
group and adjoint group of G respectively, and G sc is the simply connected cover of Gder- We denote 

the centre of G by Zq or Z(G). If G is abelian, let G e be the ^-invariant subgroup of G, and Gg be the 

0-coinvariant group of G, i.e., Gg = G/(Q — 1)G. For a finite group S, we denote its set of linear characters 
by S*. 

2. Introduction 

Let F be a local field of characteristic zero and G be a quasisplit connected reductive group over F. 
The local Langlands conjecture asserts the set II(G(E)) of isomorphism classes of irreducible smooth 
representations of G(F) can be parametrized by the set <h(G) of local Langlands parameters. This 
parametrization is usually not a bijection. In fact it is conjectured that each parameter 0 £ <h(Cr) is 
associated with a finite set 11^ of isomorphism classes of irreducible smooth representations of G(F), and 
they give a disjoint decomposition of 

(2.i) n (G(F))= □ n*. 

4>e$(G) 

Such finite sets are called L-packets. This parametrization is based on the belief that there should be 
certain arithmetic invariants (e.g., L-factor) defined on both the representation side and the parameter side 
so that one could match them. From this point of view, one can think the L-packet 11^ attached to some 
4> £ <h(G) consists of all irreducible smooth representations of G(F) whose arithmetic invariants match 
that of (j>. However, it can be very difficult to define these arithmetic invariants on the representation 
side in general. On the other hand, there are some elementary properties that one would require this 
parametrization always satisfy. These properties are usually given under the name “Desiderata” (see 
|Bor79| . |GGP12j ). In this paper, we will mainly concern the following three desiderata. 

• Desideratum 1: Central character 

The first desideratum asserts all irreducible smooth representations in have the same central 
character and it can be constructed from cj). To see this construction, we need to give the definition 
of local Langlands parameters. Let T = Gal (F/F) be the absolute Galois group, Wp be the Weil 
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group and G be the complex reductive group dual to G. The Langlands dual group is L G = GyiWp, 
where the action of Wf factors through T. We define the local Langlands group to be 


L F ■= 


W F , 

W F x SL{ 2,C), 


F is archimedean, 

F is nonarchimedean. 


Then a Langlands parameter 0 is a G-conjugacy class of admissible homomorphisms from Lp to 
l G (see [|Bor79] h In particular, it respects the projections on W F from both L F and L G. We take 
a torus Z defined over F. containing the centre Zq of G. For example, Z can be a maximal torus 
of G. Let G = (G x Z)/Zq, where Zq is included diagonally, and let D = Z/Zq. Then we have 
an exact sequence 


( 2 . 2 ) 


1 -> G -> G -> D -> 1 . 

On the dual side, we have 


1- 1 D -* G -> G - ¥ 1. 

This induces a map from <f>(G) to <h(G). It follows from a result of Labesse (fLab85j, Theorem 
8.1) that this map is surjective. Therefore we can lift any cj) £ <3?(G) to some 0 £ <f>(G). Note 
Z~, = Z is a torus, so dual to 


1 


—> G 

^ G a d 

—> 1 

1 

—* G sc 

—> G 

—* % 

—> 1 . 


So by composing with G —¥ Z g, cj) gives rise to an element £ H l (Wp. Z^). Then by the 
local Langlands correspondence for tori, corresponds to a quasicharacter of Z^(F). After 
we take restriction to Zq{F ), we get a quasicharacter x<j> °f Zq(F). To see this construction is 
independent of the torus Z, we need to know two things. First, if there is another torus Z\~D Z, 
let G\ = (G x Z\)/Zg and <j)\ £ <f>(Gi) be a lift of </>, then = Xj,- Secondly, if there are two 

torus Z\ and Z 2 both containing Zq , then there exists a third torus Z 3 containing both Z\ and 
Z<i- The first thing follows easily from some commutative diagrams. For the second one, we can 
simply take Z 3 = (Z\ x Z^IZq. 

• Desideratum 2: G a rf(F)-conjugate action 

The second desideratum is more involved, and in particular it requires a different point of 
view towards L-packet. Roughly speaking, there are two steps in constructing the L-packets. 
First one constructs the L-packets for the set n temp (G(F)) of isomorphism classes of irreducible 
tempered representations, and then the other L-packets (nontempered) can be constructed from 
the tempered ones by using the theory of Langlands’ quotient. Therefore it suffices to know the 
tempered L-packets. The same is also true for the Langlands parametrization (12.11) . That is to 
say it is enough to know the parametrization of the tempered L-packets, which should correspond 
to the “bounded parameters”, namely the images of the Weil group part have compact closure. 
From the point of view of harmonic analysis, irreducible smooth representations are characterized 
by their “characters”, which are G(I ? )-conjugate invariant locally integrable functions over G(F) 
and smooth over the open dense subset of strongly regular semisimple elements G reg (F). A virtual 
character 0 (i.e., finite linear combination of characters) is called stable if it is G(F’)-conjugate 
invariant over G reg (F ), namely 0 ( 7 ) = &(Y) for any 7 , 7 ' £ G reg (F) such that 7 = g~ x Y9 
for some g £ G(F). It is conjectured that the tempered L-packets are the minimal subsets of 
irreducible tempered representations, within which some linear combination of the characters is 
stable (cf. Conjecture 9.2, [Sha90] l. Therefore the conjugate action by G a d{F ) on II(G(I ? )) 
permutes the elements in each tempered L-packet. Moreover, there is an explicit conjectural 
formula for describing this action, which will be the second desideratum. To state the formula, we 
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need to introduce a parametrization for elements inside tempered L-packets, which will be called 
endoscopic parametrization. 

Let us denote the set of bounded Langlands parameters by <&bdd(G). For < f> £ &bdd(G), we 
choose a representative <f> : Lp -A L G and define 

S f = Cent(lm0, G), 

i.e., the centralizer of the image of </> in G. Let S® be the identity component of and Z(G) r 
be the T-invariant elements in the centre Z(G) of G. Then we also define A $ = S^/S^ and 
Sfj, = S'/,/S®Z(G) r . There is an exact sequence 

1-> Z0-> -> S ^-> 1, 

where Z $ = Z(G) r /Z(G) r n S®. If fi 9 = Int(g) o cj) for g £ G, there is an isomorphism —¥ S<pg 
unique up to ^-conjugation. This means one can not define a group “5^,” independent of the 
choice of representatives f>, but rather one can define the conjugacy classes in “S^”. 

We define a Whittaker datum to be a pair (5, A), where B is a Borel subgroup of G and A is 
a nondegenerate character on the unipotent radical N{F ) of B(F). All Whittaker data can be 
constructed as follows. We fix an F-splitting (B, T, {Ai a }) of G and a nontrivial additive character 
ipF '■ F —> C x , then we define 

A (exp(^2n a X a )) = i/jf( 5^n a ), 

cx. a 

which extends uniquely to a character of N(F). 

Conjecture 2.1. We fix a Whittaker datum (B, A) for G, and suppose (j> £ &bdd(G). 

(1) There is a unique (B , A) -generic representation in 11^. 

(2) There is a canonical pairing between 11^ and Swhich induces an inclusion from IT^ to the 
set Sfj, of characters of irreducible representations of S$ 



7T I- > < *, 7T >0, 

such that it sends the (B , A )-generic representation to the trivial character. This becomes a 
bijection when F is nonarchimedean. Moreover, if f> 9 = Int(g) o cf for g £ G, then 

< gxg~ l ,ir >$9=< x,tt >£, 

for it £ 11 ^ and x £ S^. 

Since are functions on conjugacy classes of S^, the parametrization of elements inside II^ can 
be actually stated independent of the choice of representative f in the conjecture. Nevertheless, we 
would like to work with the group S ^ rather than its conjugacy classes, so throughout this paper 
we will always fix a representative 4>. Let Irr(<S^) be the set of isomorphism classes of irreducible 
representations of S^. If p £ Irr(S^), we will denote the corresponding representation in 11^ by 
7r(p). We call a parameter cj) £ &bdd(G) simple if S^, = 1. For simple parameters, it follows from 
this conjecture that their corresponding packets are singletons. Finally, we want to point out part 
(i) of the conjecture is often referred to as the generic packet conjecture, and the pairing in 
part (ii) comes from the conjectural endoscopic character identity (see Conjecture 13.101) . while its 
“canonicity” depends on the choice of Whittaker datum. 










4 


BIN XU 


Let S ^ be the group of linear characters of S^. Then the explicit formula for describing the 
action of G ad {F ) on IIcan be stated in the following conjecture. 

Conjecture 2.2. There exists a homomorphism 

G ad (F )— 


9 - ~Vg 

such that 

< -,1T 9 >£= T]g < 7T >0 . 

The statement of this conjecture is first given in ( |GGP12j . Section 9.(3)), where they construct 
the homomorphism G ad (F ) —» S^. There are three ingredients in that construction. 

— (Tate local duality): There exists a perfect pairing 

H\F,Zg/Z ° g ) x H'iF^Gte)) -> C x . 

— There is a coboundary map A^ —> H l (F, 7ri(G*>r))- 
— There is a homomorphism G ad (F) —> H 1 (F , Zq/Zq). 

Clearly this gives a homomorphism G ad (F) —>• and in fact one will see the image is in S^ (see 

Section 13.61) . 

• Desideratum 3: Twist by automorphism and quasicharacter 

Let 0 be an T-automorphism of G preserving an T-splitting of G, then 9 acts on I1(G(F)) by 
acting on G(F). Let 9 be the dual automorphism of 9 on G, and it gives a semidirect product 
Gxi < 9 >. Then 9 also acts on ^(G) through the action of 9 on G. Let a be an element in 
H 1 (Wf, Z(G)), and a act on 4>(G) by twisting on Z{G). One can associate a quasicharacter u of 
G(F) with a (see (13.11) ). This desideratum asserts: for <j) E $bdd(G), 

U^e = 11 $ and Il^a = II^ <g> u. 

In fact, one can rehne this desideratum by making more precise the action of 9 and ui on the 
elements in 11 ^. Namely, if n E IT^, then 

(2.3) < x, ir 9 > c j ) e=< 9~ 1 x9, 7 r >0 
for x E S^e , and 

(2.4) < X,1T®0J >0®a=< X,ir >0 

for x G Sfj, = a, where a is a 1-cocyle of Wf in Z{G ) representing a. 

The refined desideratum has the following consequence. For cj) E &bdd{G), suppose f> 9 = 4> <S> a, 
i.e., there exists g E G such that ( f> 9 ) 9 = f> <8> a, then by (12.31) and (12.41) . we have for x E S,e 

< 9~ X x9, n >£=< x,TC 6 > (j) e = < gxg~ l ,TT e > ( 0 e )9 

=< gxg~ l iTT 9 >$®a=< gxg~ l ,F d <8uj _1 . 

By setting s = g x 9, we have shown the following statement. 

Conjecture 2.3. Suppose p E &bdd(G) and fp = ® a. Let s E G x 9 satisfying (p s = </; 0 a, then 

< SXS -1 ,7T <g>u; -1 >0 = < X,7T >0 

for any i r E 11 ^ and x E S^. In other words, 

7i ip s ) e = t r(p) 


for any p E /rr(5^). 
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The first goal of this paper is to suggest a strategy towards proving the above three desiderata about 
L-packets. To do so, we need to assume nm Conjecture 12.11 (together with its generalized form: Con¬ 
jecture ESI), and also the (twisted) endoscopic character identities (see Conjecture I3.1UI) . which will be 
described in Section [3l Since these conjectures can be viewed as part of the conjectural endoscopy the¬ 
ory, we would like to call the collection of these assumptions Endoscopic Hypothesis. For the first 
desideratum, we will prove the following result under this hypothesis. 

Proposition 2.4. The desideratum about central characters of L-packets holds as long as it holds for 
simple parameters. 

For the second desideratum, i.e., Conjecture 12.21 we will prove a stronger result. The setup that we are 
going to work on is as follows. Let GCGbe two quasisplit connected reductive groups over F such that 
Gder = Gder■ Then G/G is a torus, and we denote it by D. There is an exact sequence 

(2.5) 1- >G -> G —x D ->1. 

Let S be a finite abelian group of E-automorphisms of G preserving a fixed E-splitting of G , and we 
assume A is E-invariant. This implies E also acts on G. Let = G x E and = G x E. Since E 

induces dual automorphisms on G and G, we denote them by E and define G = G x E and = GxI S. 

Before we can state our result, we need to extend Conjecture 12.11 to the nonconnected group G 
Suppose cf) £ &bdd(G) and we define S'?, A^ and S^ as before simply by taking in place of G, and they 

are all equipped with a natural map to E. Let S'®, A ® and S ® be the preimage of 0 £ E in Sjj, A^ and 
S '? respectively. Note these are not 0-invariant elements in S^, and S#. Since the image in E is the 
same for S^, A ^ and S^, we denote it by E^. Let II | be the set of all irreducible smooth representations 

of G S (E), whose restriction to G(F) have intersections with IL^,. 

A Whittaker datum (B, A) is called E-stable if E preserves B and A is E-invariant. In particular, if we 
fix a E-stable E-splitting of G (i.e., E preserves B and {Aq,}) and a nontrivial additive character ifp of 
E, then the associated Whittaker datum is E-stable. We call a representation 7r s £ II^ (B, A)-generic if 
7r s |c: is (E, A)-generic and the corresponding Whittaker functional is invariant under vr s (0) for all 6 £ E. 

Conjecture 2.5. We fix a E -stable Whittaker datum (E, A) for G, and suppose <f> £ Fbdd(G). 

(1) There is a unique (E, A) -generic representation in 11^. 

(2) There is a canonical pairing between 11^ and S^, which induces an inclusion from 11^ to the 

—£ E 

characters S$ of irreducible representations of S£ 



7T S I-> < -,7T S . 

such that it sends the (B, A)-generic representation to the trivial character. This becomes a bijec- 
tion when F is nonarchimedean. Moreover, if S' is a subgroup o/E, then we have the following 
relation: 


(2.6) < -,7T S >0 | sE / = ^2 ra(7r s ,7r s ') < >^, 

- 

where mfir^, n^') is the multiplicity of in 7t s | g e'. 


Under the endoscopic hypothesis, we are able to prove the following result. 
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Theorem 2.6. There exists a homomorphism 

G(F) -> (Sj)* 


9 - 

such that 

< •, (tT E ) 9 >0= Eg < •, 7T S . 

For the third desideratum, we will prove the following result under the endoscopic hypothesis. 

Proposition 2.7. The refined desideratum about L-packets under twist by automorphism and quasichar¬ 
acter holds if it holds for simple parameters. 

Back to the setup in (12.511 . there is a conjectural relation between the L-packets for G and G. That 
is to say if cf> £ <h(G) maps to </> £ <b(G), then the L-packet II^ should be the restriction of 11^. The 
restriction multi-map II(G(i ? )) — > II(G(i ? )) is surjective, in the sense that for any n £ II(G(i ? )), there 
exists 7f £ n(G(F)), whose restriction to G(F) contains 7r (see Corollary 16.311 . Therefore it is easy 
to construct the L-packets of G from that of G. The other direction is more subtle, because for any 
7r £ n(G(F)), the preimage 7r £ n(G(E)) is usually not unique and they differ from each other by a 
twist of quasicharacters of G(F). So our second goal in this paper is to make an attempt to address this 
problem in most generality. To be more precise, we want to establish the endoscopic hypothesis (i.e., (EB, 
Conjecture 12.51 and Conjecture I3.10H for G by assuming it for G and the twisted endoscopic groups of G. 
When G is a quasisplit symplectic group or special even orthogonal group, and G is the corresponding 
similitude group, this has been essentially achieved in |Xul5) . 

Throughout this paper except for Section El we will take the endoscopic hypothesis as our working 
assumption. In Section El we will describe the conjectural endoscopy theory. In particular, we will 
introduce Conjecture 13.101 which is part of the endoscopic hypothesis. We will prove Theorem 12.61 and 
deduce Conjecture 12.21 as a special case. In Section |4] we will prove Proposition 12.41 In Section El we will 
prove Proposition 12.71 and this implies Conjecture 12.31 for non-simple parameters. 

In Section [6J we consider the problem of lifting L-packets from G to G, where G and G are in the setup 
of (12.5j) . So we will only assume the endoscopic hypothesis for G and its twisted endoscopic groups, in 
particular, we can not assume Conjecture 12.3l for G. In Section I7T7T1 we will study the restriction multi-map 
n(G(F)) — > n(G(F)). In Sections 16.2116.31 we will discuss some special cases of Conjecture 12.31 for G, 
and from there we will obtain some structural information about the L-packets of G. In Section 16.41 we 
will formulate a conjecture about the L-packets of G (see Conjecture 16.181) . Finally, in Section 1631 we 
will take G to be a symplectic group or special even orthogonal group, and we will review various results 
of Arthur in |Artl3j . which essentially prove the endoscopic hypothesis for G. We will also take G to be 
the corresponding similitude group, and apply the previous discussion in Section [6] to this case. So the 
results we obtain in Sections 16.2116.31 will become unconditional in this case. Moreover, we will restate 
Conjecture 16.181 as a theorem in this case, and the proof of this theorem is included in |Xul5| . 

Acknowledgements: The author wants to thank the referee for many suggestions on improving 
the readability of the manuscript. This paper is based upon work supported by the National Science 
Foundation number agreement No. DMS-1128155 and DMS-1252158. 

3. Endoscopy theory 

3.1. Twisted endoscopic datum. Let F be a local field of characteristic zero and G be a quasisplit 
reductive group over F. We have an isomorphism 

(3.1) H\W f ,Z{G)) —► Hom(G(F),C x ) 
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defined by Langlands (see Appendix [A]). Let 0 be an automorphism of G, co be a quasicharacter of G(F). 
A twisted endoscopic datum for (G,6,u) is a quadruple s, £), where H is a quasisplit reductive 

group over F, Ti is a split extension of Wf by H 

1-> H -> n -> W F -> 1, 

such that the conjugate action of Wp on H falls into the same outer classes of automorphisms as for L F[. 
Note T~L may not be isomorphic to L H. Inside the quadruple, s is a semisimple element in G x 0, £ is an 
L-embedding of TL to L G (i.e., it respects the projections on Wp from both TL and L G ), and they satisfy 
the following conditions: 

• Int(s) o £ = a • £, for a 1-cocycle a of Wf in Z{G) mapped to cj by (13. ID : 

• H = Cent(s,G)° through £. 

We call H a twisted endoscopic group of G. Two twisted endoscopic data (H,TL, s, f) and (H', TL', s', £') 
are called isomorphic if there exists an element g £ G such that gf{TL)g~ l = ffiTL') and gsg _1 € s'Z(G). 
We denote by £(G e ,u) the set of isomorphism classes of twisted endoscopic data for (G,0,oj). For 
abbreviation, we will use the twisted endoscopic group to denote the twisted endoscopic datum if there 
is no confusion. 

Let GCGbe two quasisplit connected reductive groups over F such that Gder = Gder and we denote 
G/G by D. 

1 - >G -)■ G ———r D -r 1 

We assume 0 is an automorphism of G, and A is ^-invariant. Then we have the following proposition 
relating the twisted endoscopic data between G and G. 

Proposition 3.1. There is a one to one correspondence between £{G e ,u>g) and 

□ £(G e ,co d ). 

u g\ G =uj G 

Proof. Suppose [(H, T-L, s, £)] € £(G 9 ,ujg), then £( H ) = Cent(s, G)°. Under the projection L G —> L G , 
the preimage of Cent(s, G) is {g G G : Jg's~ 1 g~ 1 € D}, where s is a preimage of s in G x 6. We claim 

{g G G : sgs^g- 1 € D}° = {g <G G : sgs~ l g~ l = 1}° 

To see this we can consider the homomorphism defined by 

(3.2) {g € G : sgs^g- 1 € D} -> D C L G 


g\ - >sgs l g 1 . 

Its composition with A : L G —> L ((Z e ~) 0 ) is trivial. Note A induces an isogeny 

Gr 

(Z(h )T ^ {ZFf. 

Since A is ^-invariant, D included as a subgroup of G is fixed by 0. Therefore D C ( Z(G ) S )°, and we 
get KerA|^ is finite. This means the homomorphism (13.21) must have finite image, so our claim becomes 

obvious. Since D C Cent(s, G)°, we can now conclude Cent(s, G)° is the preimage of £(H). Let us denote 

Cent (s, G)° by H. 

When 0 = id and s € Z(G), we have G = Cent(s, G) and hence G = {g G G : 'sg's^ l g~ 1 € D}. 
Since G is connected, it follows from the above argument that G = {g E G : 'sg's^ l g~ 1 = 1}°. Hence 
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G = {g G G : sgs 1 g 1 = 1}, which means s G Z(G). This shows the preimage of Z(G) is Z(G ), i.e., 
there is an exact sequence 

1-> D -> Z(G) -> Z(G) -» 1. 

Back to the general situation, we can choose a splitting c : Wp —> T-L, so that the composition ■ 

Wp — -—TL — l G is admissible. Then we can lift to (j) : Wp —> L G , which induces a Galois action 

on H and hence determines a quasisplit reductive group H. We define Ti to be the product H ■ line/*. 
Note 4> gives a splitting of 

1-> H -> U -» W F -> 1, 

and we have a natural embedding £ : TL —> L G , which is identity on H. The map 

w i->- s£(<^(io))s -1 £(<^(u;)) -1 , w G Wp 

defines an element a G H 1 (Wf,Z(G)). If a is associated with a quasicharacter cjg of G(F), then 
!),£)] G £(G e ,Uj£)- It is not hard to show if we change either (H,7L,s,£) within its isomorphism 
class or the splitting c or the lifting </>, this lifted endoscopic datum (H,TL,J,£) is uniquely determined 

up to isomorphism. Here we need to use the fact that the preimage of Z(G) is Z(G). 

Finally, we have a commutative diagram 

H 1 {W f ,Z{G)) -» Hom(G(F), C x ) 

H\Wp,Z(d)) -> Hom(G(F),C x ), 

which shows Uq\g = wg. So we get a well defined map from £(G 9 ,ujg) to 

Uq\g=UG 

The other direction is more straightforward, namely one can simply take the quotient by D on the dual 
side. 

□ 

Remark 3.2. Following the proof, there is an exact sequence 

1-t D -> H - >H ->1 , 

whose dual is 

1- >H - >H ->1 . 

This suggests the twisted endoscopic groups H and H also have the same derived group. 

3.2. Relation with Langlands parameter. We follow the setup in the introduction. Suppose <j) G 

d>(G) and (j) G <h(G) is a lift of cf>. Let Lp act on D, G and by conjugation through 4>. We 
denote the corresponding group cohomology by H^(Lp,-). Note H®(Lp,D) = D l , H®(Lp,G^) = S 
~E _ _ 

H®(Lp,G ) = S'? and H^(Lp,D) = H 1 (Wf,D). The short exact sequence 

_ -E _ 

- > G ->G S ->1 


1 



induces a long exact sequence 

1 
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a D T - a S|- a Sj H\W f , D ), 

and hence 

(3.3) 1-a S^/D r — L -^>- S]jj ——> H 1 (W f , D). 


To describe 5, we can write 


= {s £ G : s^(u)s~ 1 ^(u)~ 1 € D, for all u £ L F }/D. 

~E 

Then S(s) : u i —> 's^>{u)s~ 1 , where s is a preimage of s in G , and 5{s) factors through W F . We 

have the following fact about 5. 

Lemma 3.3. The image of 5 consists of a £ H 1 (W F ,D) such that 

4> e = (j) <g> a 


for some 8 £ X, and in particular it is finite. 


~E 

Proof. By the definition of 5, we have sc/>(n)s _1 = 5{s)(u) ■ where 's £ G is a preimage of s. 

Denote by 9 S the image of s in S. Then this means = f> < 8 > 5{s). Conversely, if fP = cf) <g) a for some 
a £ H 1 (W F , D) and 9 £ S, then there exists g £ G such that 

(.9 x 0)<K u ){g x 9)~ l = a (u)<j>(u). 


_ ~E 

for a 1-cocycle a representing a. Then it is clear that s' := g x 9 £ G maps to an element s £ and 
a = S(s). 

To see the image of 5 is finite, we consider S(s) and let 9 = 9 S . The restriction of 


A : l G —A L ((Z|)°) 

to D induces a homomorphism 

B : H\W F ,D) -A H\W f , (Zp). 

We claim 6{s) lies in the kernel of B. To show the claim, recall 

<5(s) : u i—A 's4 > {u)s~ 1 ^{u) -1 . 

We can write s = g x 9 and <f{u) = h x w u , where g,h £ G and w u £ W F . Then 

s0(it)s _1 ^(u) _1 := gd{h) ■ w u {g~ l )h~ l . 

Since 

A{9(h)) = A(h), 

we have 

A^u)!- 1 ^)- 1 ) = A(g)A(h) ■ w u (A(g~ 1 ))A(h~ 1 ) = A{g) ■ w u {A{g)~ 1 ). 
This proves the claim. Now the exact sequence 

1-a KevA\ 3 -a D -——a (Zp 

induces the following exact sequence 


1 


a H\W f , KerA\ s ) - a H\W f , D) -5-a H\W f , (Z|)°) . 
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Since F is a local field and Kei'A|^ is finite, it is not hard to see H 1 (Wf , KerA|^) is finite. Then it follows 
from the exact sequence that the kernel of B is also finite, and hence Im 5 is finite. 

□ 

We would like to modify (IT-'ll) to have S^ and <S? in the sequence. To do so we need to know the kernel 
and image of 5 restricted on Z(G) r . Therefore we take 

1-> D -> Z(G) -> Z(G) -> 1 

which induces an exact sequence 

1-> D T - r Z(G) r -> Z(G) V -?-> H\W f , D) -> H\W f , Z(G)). 

So Ker5| Z(g)r = Z(G) r /D r . Let H l {W Fl D) := H\W f , D)/6(Z(G) r ), and we define = S^/Z(G) r 
and 5? = S^/Z(G) r . By taking the quotient of (13.3D by Z(G) r , we get 

(3.4) 1-> Sf 5| -U ( W F , D) . 

Since Im<5 is finite, we have (S ?) 0 = {S^)°. After taking the quotient of (13.41) by the identity component, 
we get 

(3.5) 1-> 5| Sf H\W F , D) . 

The local Langlands correspondence for tori gives us an isomorphism 

Lf 1 (W>,i3) = Hom(D(F),C x ). 

By pulling back quasicharacters of D(F ) to G(F), we get a homomorphism 

H\W f ,D ) ->• Hom(G(F)/G(F),C x ), 

which is surjective. Note 5(Z(G) r ) is trivial in F[ 1 (Wf, Z(G)), so it induces the trivial character on G(F). 
Since (|3.1j) is an isomorphism, we then have an isomorphism 

r : H l (W F ,D) —t Hom(G(F)/G(i ? ),C x ). 

We denote the composition r o 5 by a. Therefore we have the following exact sequence 

(3.6) 1->5? ^4Hom(G(F)/G(F),C x ). 

Lemma 3.4. The image a{S^) is contained in Hom(G(F)/Z^(F)G(F), C x ). 

Proof. It follows from the proof of Lemma 13.31 that the image is in the kernel of H l {W Fl D) —> 

H 1 {Wf, ZT). So aiSs) is contained in Hom(G(F)/Z ( ~(F)G(F), C x ). When Z A = Z~, this is what we 
want. 

Suppose Zg is not connected, we can take an T-torus Z containing Zg, and let G' = (G x Z)/Zg. Then 
Zg, = Z is connected. Let <// € 4>(G / ) be a lift of cf>, then we have the following commutative diagram: 

1-» Sp -!U S ± —^ Hom(G'(F)/G(F), C x ) 

1-> S £ —U S ± Horn (G(F)/G(F) , C x ). 

Since the image of a! is trivial on Zq,(F), then the image of a is trivial on Zq(F). This finishes the proof. 
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□ 

Suppose £ E, for any semisimple element s E S^, let H = Cent(s,G)°, and PL = H ■ Iin <p, then 
PL is embedded identically in L G. The conjugate action of Lp on H through (f> determines a Galois 
action on H, and hence determines a quasisplit reductive group H . Therefore </> factors through PL 
for [(H, %,s,£)] E £(G e ), where £ is the identity embedding. For any lift f of <j>, the restriction f\w F 
lifts (H, PL, s, to a twisted endoscopic datum [(FL,PL,s, £)] E £(G e ,co) for some quasicharacter co of 
G(F)/G(F) (cf. the proof of Proposition 13.II) . By construction we know </> factors through PL. If we take 

a different lift of (f>, it is easy to see cj also factors through PL. All of these can be summarized in the 
diagram below 


L F 




€ . L 


k L G 


n 


^ l g. 


Then we have the following simple fact. 

Lemma 3.5. a(s) = co. 


Proof. By definition 5(s)(w) = s(f)(w)s 1 <f)(w) 1 for any w E Wp, and s is a preimage of s in G . Since < j> 

factors through PL and H commutes with s, we have 'scj)(w)'s~ 1 4)(w)~ 1 = 
a(s) = co. 


and this means 
□ 


3.3. Endoscopic transfer. Back to the setup in Section 13.11 the reason that endoscopic data are so 
important is because there is a transfer map from Cf°(G(F)) to Cf°(H(F)) if PL = L H. If PL L H, we 
have to take an extension H\ of H by an induced torus Z\ (called z-extension) 


1 




-4 // 


- 4 - H ■ 


■4 1 


so that the dual homomorphism H — > FL\ can be extended to an L-embedding £hi '■ H. —• > L H\. We call 
(Hi , fpi ) a z -pair for PL. By choosing a section c : Wp PL, we get a quasicharacter xi on Z\ from 


4K 




> L H i 


* L Z X . 


W F 

It is easy to see that xi is independent of the choice of section c. So the transfer map will be from 
Cc°(G(F)) to C£°(Hi(F), xi), which is the space of xjj 1 -equivariant smooth functions on Hi(F) with 
compact support modulo Z\. 

To define this transfer map, we need to introduce the space of twisted (stable) orbital integrals. Let 
cog be a quasicharacter of G(F) and <5 be a strongly ^-regular 0-senrisimple element of G(F), namely 
Int(d) o 0 is semisimple and the 0-twisted centralizer G e s (F) (i.e., Int(<5) o 0-invariant elements in G(F)) 
of 5 is abelian. We assume cog is trivial on Gg(F). We fix Haar measures on G(F) and G e s (F), and they 
induce a G(E)-invariant measure on G e AF)\G(F). Then we can form the (0,ux;)-twisted orbital integral 
of / E C£°(G(F)) over <5 as 

O d (? G (f,5) := [ co G (g)f(g~ 1 50(g))dg. 

J G e s (F)\G(F) 

We also form the (0, u;c)-twisted stable orbital integral over 5 as 


SO e P a (f,5) := 


E 

1 G(F) G(F) 

si 1 0 


o e f G (f,s’), 


where the sum is over 0-twisted conjugacy classes }q(f) the ^-twisted stable conjugacy class of 5 
(i.e., 5' = g” 1 59(g) for some g E G(F)), and the Haar measure on G e s ,(F) is translated from that on 
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Gg(F) by conjugation. Let Z(G 9,UJg ) ( SZ(G e,UG )) be the space of (0, wcj-twisted (stable) orbital integrals 
of C%°(G(F)) over the set G e reg {F) of strongly 0-regular 0-semisimple elements of G(F), then by definition 
we have projections 

C c °°(G)- »Z(G e '“ G ) -» SZ(G 9 ’ UJg ). 

Suppose s,^)} E £(G 9 ,ujg), we fix a z-pair {H\. £ ) p l ) for %. We assume 0 preserves an F- 

splitting of G , then there is a map from the semisimple L/i(.F)-conjugacy classes of H\(F) to the 0-twisted 
semisimple G(L')-conjugacy classes of G(F). By our assumption on 0, this map is defined over F. We call 
a strongly regular semisimple element 71 E H\{F ) is strongly G-regular if its associated i7i(F)-conjugacy 
class maps to a 0-twisted strongly regular semisimple G(F)-conjugacy class of G(F). We denote the set of 
strongly G-regular semisimple elements of H\ (F) by Hi Q_ reg (F). The transfer factor defined in [KS99] 
is a function 

A gM; •) : H 1}G -reg(F) x G e reg (F ) C, 

which is nonzero only when 71 E H\_Q-reg(F) is a norm of 6 E G 9 eg (F), i.e., the iLi(F)-conjugacy class 
of 71 maps to the 0-twisted G(F)-conjugacy class of 6. Note if 6 E G 9 eg (F) has a norm 71 E Hi t G-reg{F), 
then (vg is trivial on G 9 (F) (see Lemma 4.4.C, [KS99] ). In this paper we always normalize the transfer 
factor with respect to a fixed 0-stable Whittaker datum ( B , A) for G. The transfer factor has the following 
basic properties (see [KS99| ): 

• A g,Hi(’i •) is invariant over stable conjugacy class in the first variable. 

• There is a canonical inclusion ( Zg)o Zp , so that we get a homomorphism 

(3.7) Z G —> {Z G )e ^ Z H . 

Let C be the fiber product of Zq and Zh 1 over Zh- Then there exists a quasicharacter xc °f 
C(F) such that 

A G.miziji, zS) = Xc 1 ^ zi E Z Hl {F),z E Z g (F) 

where z± and z have the same image on Zh{F), and the restriction of xc to Z\ (F) is Xi ■ 

• For g E G(F), Ag^Zi, 0 _ 1 ^0(5)) = ^g(9)A G) Hi (7i, ^)- 

The transfer map is a correspondence from / E C%°(G(F)) to f Hl E C™(Hi(F),x 1 ) such that 

(3-8) SO Hl {f H \ 71 ) = Y, A 

where the sum is over 0 -twisted conjugacy classes hr the 0 -twisted stable conjugacy class of 5. 

The existence of such a correspondence has been conjectured by Langlands, Shelstad and Kottwitz. In 
the real case, this is now a theorem of Shelstad [Shel2j . In the p-adic case, Waldspurger [Wal95j [Wal97| 
[Wal06] |Walfl 8 j reduced it to the fundamental lemma for Lie algebras over the function held, and Ngo 
[Ngo lO proved the fundamental lemma in this form. 

This transfer map can also be defined for equivariant functions. To be more precise, let Zp be a closed 
subgroup of Zg{F) such that Zp —>• Zp{F) through (|3.7|) is injective. In particular, the preimage of 
Zp in Zh 1 {F) forms a closed subgroup of C(F), we denote it by C\ t p. We fix a quasicharacter x 011 
Zp , it pulls back to a quasicharacter on C^f. Denote the restriction of xc on Ci,f by xc \, then we 
claim there is a correspondence from the space C%°(G(F),x) of x _1 -equivariant functions to the space 
C£°(F[i(F),xxCi) °f (xXCi) -equivariant functions characterized by (14.81) . This correspondence can be 
constructed as follows. There is a surjection from C%°(G(F)) to C%°(G(F),x) defined by 

/ ^ / = / f{zg)x{z)dz. 

Jz F 

Similarly, we have a surjection from C£°(F[i(F),xi) to C^°{H\ (F). xxc’i ) defined by 

/•—►/=/" f(zg)xxcA z ) dz - 

J Zi(F)\Ci tF 
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Then it suffices to check the commutativity of the following diagram 

C?(G(F)) -> C%°(Hi(F),xi) 

C™(G(F) lX ) - ¥C?{Hi{F), X x Cl ). 

Suppose f € C%°(G{F)), 71 is a norm of 6 

Oq WG (/,S) = f O e ( f G {f,z5) X {z)dz. 
Jz F 

So 


£ A G , Hl {'n,5')o e ^ G u,^ 




£ &G,mill,$’) f O e ( t JG if,z8')x{z)dz 

n {F rst{sY G{F) 


' Z F 

= I x(z) £ &G,mill, S')0%f G (f, z6')dz 

Zf n (F rst{sr G(F) 

= j x(z) £ xc(zi, z)A G , Hl (ziii, z5')0%f G (f,zS')dz 
Zf m e G(F rst{sr G(F) 

= [ x{z)xdzi, z)SO Hl {f Hl ,zili)dz 

J z F 

XXCi{zi)SO Hl {f Hl , zi'fijdz 


' Zi(F)\Ci t p 


Hence / corresponds to the image of f Hl in C%°(Hi(F),xxCi)- 

Let GCGbe two quasisplit connected reductive groups over F such that Gder = Gder and G/G = D. 
Suppose [{H, / H,s,£)] € £(G 9 ,ojg), let [(H, TL, s, £)] € £{G 9 , ujjf) be the corresponding lift. We also fix a 
z-pair (Hi,£g ) for TL with a ^-extension 

1-> Z\ -> Hi -> H -> 1. 

Let H 1 be the preimage of H in Hi, then we get a ^-extension for H 

1-> Z\ - ¥ Hi -> H -> 1. 

Note Hi/Hi = D, so on the dual side gives rise to an L-embedding £fj 1 ■ H —¥ l Hi by taking quotient 

of D. We fix a 0-stable Whittaker datum for G , which determines that for G. Then the relation of the 
transfer factors A^ g and A g,Hi can be stated in the following lemma. 

Lemma 3.6. Suppose 5 is a strongly 9-regular 6-semisimple element in G(F ) C G(F), and 71 is a strongly 
G-regular semisimple element in Hi(F) C Hi(F). Then one has 

Proof. Suppose the 0-stable Whittaker datum for G is constructed with respect to a 0-stable F-splitting 
(B, T, {X a }) of G, and a nontrivial additive character ifp of F. This also determines a 0-stable F-splitting 
(B,T, {A a }) of G. Then the unnormalized transfer factor can be defined as a product 

Ao(7i,<5) = A/( 71 , <5) A//( 71 , <5) A///( 71 ,5) A/y ( 71 , (J). 
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It depends on the 0-stable F-splitting that we have fixed. First, we would like to compare the unnormalized 
transfer factors for (G,H i) and term by term. To set things up, let T Fl be the centralizer of 71 

in H\ and let T Fl = T Fl D Hi. Let T F (resp. T F ) be the projection of Th 1 (resp. T Fl ) on H (resp. 
H). We fix an admissible embedding T F — > Tg and this gives an admissible embedding T F —> Tg by 
restriction. Since the root system R(G, T ) is isomorphic to R(G, T ) and the isomorphism is equivariant 
under the Galois action, one can assign the same a-data and \-data [LS87] to them. They induce a-data 
and y-data for R res (G,T ) (resp. R res (G,T )) which are roots in R(G,T ) (resp. R(G,T)) restricted to 
(T e )° (resp. ( T e )° ). 

Let < -, • > denote the Tate-Nakayama pairing between H 1 (F,Tg C ) and 7 ro((Tf c ) r ), then the first term 
in the unnormalized transfer factor is defined by 

Aj,(g,/Ti)(7i><S) =< K a (Ts C ),s Tj Q > 

where A a a (T® c ) is defined by using a-data and the 0-stable F-splitting, and s F ,e is the projection of the 
semisimple element s E G x 0 in the endoscopic datum (H, H, s, £) onto (T ad )^ = T ( J C . Because G sc = G sc 
and we choose a-data and the 0-stable F-splitting for G and G in a consistent way, \ a<x (T, c ) = Ao a (Tj c ). 
Moreover s and s have the same image in T®,, hence 

For the second term we adopt Waldspurger’s modification here (see (KS12| h It is defined by the a-data 
and %-data, and again because we choose them for G and G in a consistent way, the second term will be 
the same for (G,H 1 ) and (G,H 1 ). Before discussing the third term, let us consider the fourth term first. 
The fourth term is defined by 

where 

= \det(Ad(6) o 0 — l) Lie (G)/Lie(Cent((G e g ) 0 ,G)\F 
DhAii) = \det(Ad{pii) — 1) Lie(Hi) / Lie(T Hl )\F^ 

And it is easy to see that D^ g (5) = D G e(5) and Dg ( 71 ) = D Fl ( 71 ), therefore the fourth term is also the 
same for (G,H\) and (G, Hi). 

We are now left with the third term A hi : {g,h{)i and it is given by a pairing of hypercohomology 

groups F 1 (F, T sc 9l > T\ ) and H 1 (W F , T\ 9 \ T ad ), where Ti is the fiber product of T and Th 1 over 
Tg = T h , and 0i is a lift of 0 on Ti which fixes Z\ C Tj. Similarly we can define Ti, and the inclusion 
Ti —>• Ti induces maps on hypercohomology groups 

7 ) : H\F, T sc -^4 Ti ) —► H\F, T sc -^4 f x ) 

<P* : H\W F , Ti T ad ) —► H l {W F , T\ T ad ). 

It is an easy exercise to check that they are adjoint to each other with respect to the Tate-Nakayama 
pairing on hypercohomology groups, i.e. 

< ^(V), A >=< V, <£>*(A) > 

where V € H l {F, T sc ——4 7 ^ ) an d a € H 1 (W F , T\ — —4 T ad ). It follows from the definition in [KS99] 
that there exist Vo G H 1 (F, T sc 9l > Tf ) and Ao G H l (W F , Ti 9 \ T ad ) such that 

^///,(G,i?i)(7i’*4 =< - Aq >, 
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^III,(G,H i)(7l><5) =< V 0 ,</?*(A 0 ) > . 

Hence, A m (g ^( 71 , S) = A 7 JJ)(GiHi) ( 7 i,<S). 

Up to now, we have shown the equality for the unnormalized transfer factors. To define the normal¬ 
izing factor, we need to choose an F-splitting {X aH }) of H and it determines an F-splitting 

(Mh,Th, {X a[I }) of H. Let Vq be the representation of T on X*(T ) 61 < 8 >C and Vg be representation of T 
on X*(Th ) <g> C. Let V = Vg — Vg, then the normalizing factor for (G,H 1 ) is given by the local e-factor 

€l(V,i(> f ) = e L (VQ,'ip F )/e L {Vg,if F ) 

(see [Tat79] . 3.6). Similarly, we can define Vq,Vh and V = Vq — Vh- Then it is enough to show 
e L (V,if F ) = £L(V,ip F ). Note 

cl(V, ip F )/e(V, ip F ) = e L (VQ,'ip F )/e L (VG,'ip F ) ■ e L (V H ,if F )/e L {Vg,^ F ). 

By the following exact sequences 


1 

- >T 

— >T 

— > D 

— > 1 

1 

-►T h- 

— > Tff - 

-> D 

-» 1 

1 

-^v D - 


-^V G ~ 

-► 1 

1 

->v D — 


-^V h - 

-4-1 


where V F = X*(D) 0 C is 0-invariant. Therefore, 

£L(VQ,'ip F )/eL(VG,ip F ) = eL{Vg,'ip F )/eL(VH,'ip F ) = €l{Vd,iP F ), 

This finishes the proof. 

□ 

Following the notations in this lemma, note G(F) is 0-twisted conjugate invariant under G(F), so we 
have the following corollary. 

Corollary 3.7. Suppose 5 is a strongly 0-regular O-semisimple element in G(F), and 71 is a strongly 
G-regular semisimple element in H\ (F). Then one has 

AG,H 1 (ii,g~ 1 SQ(g)) = u}g(g)A GiHl (j 1 ,S). 

Proof. From the previous lemma we know 

Ag,^i(7i,^) = Ag^ ( 71 , £) and Agg^x, g~ l 50{g)) = A g ,hAtu £T 1 ( 5%))- 

It follows from the property of transfer factor that 

A G,F 1 (7i ! S rl< 5%)) = w g(3)Ag,e 1 (T'i,^)- 

Then the corollary is clear. 

□ 

Remark 3.8. An equivalent way of stating this corollary is as follows. Let / £ Cf°(G(F) x 0), we can view 
it as in C£°(G(F)) by sending g to g x 0, and define its transfer as before. For g £ G(F),h £ G(F) x 0 
we denote f 9 (h ) = /(ghg ~ 1 ). Then this corollary says 

(3.9) (/’) H ‘ ^sL)/" 1 . 
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Let Zp be a closed subgroup of Z^(F) such that Zp —>• ( Z~)o{F ) is injective and D(F)/X(Zp) is finite 
(this is possible because we assume A is ^-invariant). Let Zp = Zp D G(F). We choose Haar measures 
on Zp and Zp such that the measure on Zp\G(F ) is the restriction of that on Zp\G(F). We fix a 
quasicharacter \ of Zp and denote its restriction to Zp by x- Note ZpG{F)\G{F) is finite, so we get an 
inclusion map 

(3.10) C^°(G(F),x) c -■» C%°(G(F),x) 


f i->/, 

where / is the extension of / by zero outside ZpG(F). We can identify C%°(G(F),x) with its image 
in C%°(G(F),x)- Because ZpG(F) is 0-twisted conjugate invariant under G(F), the map (13.1011 induces 
a map from T(G 6 ' Ug ,x) to I(G 6,U} g,x) where uj^\g = ojq- Moreover ZpG(F) is 0-twisted conjugate 
invariant under G(F), so it also induces a map from SZ(G d,U3G ,x) to SI(G 9 ,w g, y). 

Let wg be a quasicharacter of G(F) and ojq = u q\g- Let 5 be a strongly 0-regular 0-semisimple element 
of G(F) C G(F) such that Uq is trivial on the 0-twisted centralizer G$(F) of 5. We choose Haar measures 
on Gg(F) and Gg(F) such that the measure on G$(F)\G(F) is the restriction of that on G°(F)\G(F). 
Then 

0~“ 5 (f,S) = J2 O d Q Ja (f, 5 ')u}q{ 9 ) 

l^GCF) ~G(F) 1^1g(F) 

where the sum is over 0-twisted G(F)-conjugacy classes ^-twisted G(.F)-conjugacy classes 

{^}d(F) ^ = f° r 9 ^ G(F), and the Haar measure on G 9 ,(F) is translated from that on G 9 by 

conjugation. 

Suppose [(H,'H,'s,£)] G £(G 6 ,luq) and s,^)] G £(G e ,uc) correspond to each other according to 

Proposition 13.11 We also fix a z-pair for PL which induces a z-pair (H\. £p l ) for PL. Let C\ t p be 

the preimage of Zp in Zg^{F) and C\_p be the preimage of Zp in Zh 1 (F). Then 

Ci, F ^ C ltF D{F) 

with Ai(C l i i i?) = A (Zp). It is easy to check that the restriction of xq 1° C(F) is xc- Note x and x pull 
back to quasicharacters of C\.p and C\.p respectively. So let x' = XX c an d x' = XXCu then we have an 
inclusion map analogous to ()3.10l) 

C^°(Hi(F),x , ) c - -> C^°(Hi(F),x > ) , 


/' - >/ 

The next lemma shows these inclusion maps are compatible with twisted endoscopic transfers. 

Lemma 3.9. Suppose f G C%°(G(F),x), then the (6, -twisted endoscopic transfer of the extension f 
of f is equal to the extension of (0, log) -twisted endoscopic transfer f Hl of f as elements in SI(Hi,x'), 

i.e. 

f Si = l7*) 

Proof. Let us assume 5 is a strongly 0-regular 0-semisimple element in G(F) C G(F) and 71 is a strongly 
G-regular semisimple element in H\ (F) C H\(F), and 71 is a norm of 5 . By the definition of twisted 
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endoscopic transfer 


so n tj«‘,-n) = 


E 


A 


G,Hi 






where the sum is over 0 -twisted G(i ? )-conjugacy classes {d'j- in the 0 -twisted stable conjugacy class 

G(F) 

of 5. Meanwhile, 


O 0 p(f,8') = 


E Oq Wg (f, 8")ujg(g) 

“G(f; 

where the sum is over 0-twisted G(F )-conjugacy classes in the 0-twisted G(F)-conjugacy class 

G(F). By the property of twisted tra: 

( 7 i,fiTV%)) = ( 71 ,5')uj d (g). 

(7i,5')( E O d d “ G (f,5")u; 5 (g) ) 


A 


G,HF 


1 G(F) ~G(F) 1*^ 1 g(f) 
X n \rfi> ul G(t Sll\ 


J'G(F) ~G(F) f‘ 5/ 1 G(F) 

c uiic ouni 10 uvci (/-iwiorcu Kjry ±^-umjugacy classes {h" ie 

{5 , }~ , and 5" = g~ 1 5 , 0(g) for g £ G(F). By the property of twisted transfer factor, one has 

G(F) 

u "WU — ^G,H\ K /i! " ,iM G 

Therefore 

SO Sl (f Sl , 7i) = E 

{ f }g,F)~-We m 

E A^ i (7 1 ,«5 , 0 0^ G (f,5") 

l^ ,, lG(F)~ st l^lG(F) 

On the other hand 

so 5l (p^,ji) = so Hl (f H \ r 1 ) = E a ga (7i,Oo^ g (/,0- 

f^ ,, lG(F)~ st f^}G(F) 

It follows from Lemma 13.61 that 

A G,H 1 (7i.0 = A Gl / fl (7 1 ,0, 

where <5" is in the 0-twisted stable G(F )-conjugacy class of <5. So we have shown 

(3.11) SO Si (f S \ 7l ) = SO Si ( TE 71 ) 

for 71 € Ffi(F) being a norm. 

If 71 is not a norm, it follows from the property of transfer factor that both sides of (|3.11l) are zero. By 
equivariance property, we can extend (13.111) to Ci^fH\(F). It is also easy to see that SOg^(f Hl , 71 ) / 0 
only when 71 £ Ci i pHi(F). Finally, one can show SOg (f Hl , 71 ) / 0 only when 71 £ C\^pH\ (F) by 
using the condition on the support of /. This finishes the proof. 

□ 

3.4. Character identity. Let 7 r be an irreducible smooth representation of G(F) and Xn be the central 
character of n. Let Cf be a closed subgroup of Zg{F ), and Q = xAz F - Suppose = f®ug-, let A w (9, u>g) 
be an intertwining operator between 7 r <g> uq and ir d (this is uniquely determined up to a scalar), we then 
define the [9, w G )-twisted character of 7 r to be the distribution 

(3.12) f G e(ir,u) G ) ■= trace f(g)n(g)dg ° A n (9, u G ), 

Jc F \G(F) 

for / £ C£°(G(F),C)- In particular, we can define the distribution for / € C£°(G(F)) by taking Cf to 
be trivial. By results of Harish-Chandra [HC63] |HC99] in the non-twisted case, Bouaziz |Bou87| and 

Lemaire [Lem 13] in the twisted case, there exists a locally integrable function 0^ ,tJG on G(F) such that 
for x £ G e reg (F),g £ G(F) 

= UG (g)ef^( X ), 
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and 

f G e(n,u G )=[ f(g)Q^^ G {g)dg. 

Jc f \G(F) 

By the twisted Weyl integration formula (cf. |Leml3j . 7.3 and [ Mezl3j . 5.4.1), one can show this character 
dehnes a linear functional on I(G e,U} ° ,x)- A linear functional on Z(G e,UG ,x) is called stable if it factors 
through SZ(G 9,UJg ,x). This notion of stability is equivalent to the one we give in the introduction. 

We assume 6 preserves an T-splitting of G. For cf £ 4>(G), suppose cj> factors through hi for a twisted 

endoscopic datum [(H, hi, s, £)] € £(G e ), let us write f) = f o (\!> Clearly, sZ{G ) D S'® 7 ^ 0 and we 
denote its image in S'® again by s. Let us fix a z-pair {H\. ) for hi and define (/> H = 0 <A^- We 

call ) corresponds to (</, s) for s £ S®. It is easy to see that for any semisimple s £ such a 

pair (H\. ) always exists (see Section liL2l) . For abbreviation, we write (ifi,0 ) —> (</>, s). We always 

assume the Haar measure is preserved for any admissible embedding Tp —> Tg for maximal torus Tp Q H 
and 0-stable maximal torus TCG. 

Now we can state the conjectural twisted endoscopic character identity. 


Conjecture 3.10. Suppose <t> ^ $bdd{G). 

(1) 

(3-13) /(/) := E < 1,71 >*/ g (tt), / € C™(G(F)) 


( 2 ) 

(3.14) 


is stable. 

Suppose s is a semisimple element in 5®, and {H \, <f > H ^) —» (0, s). Then 

f Hl (0 Hl ) = E <x ^ + >±fG»(^) 

ttGIIj, 


/or / € C%°(G(F)), where x is the image of s in <S®, and 7 r + is an extension of ir to G + (F) := 
G(F)x < 9 > with 7 r + ( 0 ) = A rr (9). 


Remark 3.11. In the statement of this conjecture, the character < -, 7 r is given in Conjecture 12.11 and 
< -, 7 r + >0 is given in Conjecture 12.51 where one takes £ =< 6 >,G S = G + and 7 = 7T + . 


In the setup of this conjecture, we can let 

= X! < x ^ + >± 


-n-eru 


and 




ren. 




tHx 


Then by expanding (13.141) using the twisted Weyl integration formula, we get 

^(7i) 2 


= E 


71-><5 


D G e( 6 ) 


2 Ac #! (71,5)0,4 (71), 


where the sum is over stable conjugacy classes of norms 71 £ H\ ,G-reg(F) of 5 £ G° eg (F). 

Let Zp be a closed subgroup of Zq{F ) such that Zp — > Zp(F) through (13.71) is injective. If the elements 
in all have the same central character, let us denote its restriction to C\ t p by x'■ Then for 2 £ Zp 

and z\ in its preimage in C\ p. we have 

= E Hp 1 4 S 2 A G,Hi 0i7i, zS)@$ Hi fci7i) 

71 ->-<5 G< ^~’ 
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= XCifa) 1 ~Tr 77W A °’ H i > s )x'(h)q^ h ( 7l ) 

71 —>5 GSl ° j 1 

= XCi(^i) _1 x' {zi)@t, x (5) 

Note Xci%' trivial on Z±(F) and hence descents to a quasicharacter on Zp, for which we denote by \- 
By the linear independence of twisted characters of irreducible smooth representations, one must have 

= x(z)@f{g) 


for z £ Zp and it £ 11^. In particular, we can let 9 = id and Zp = Zq(F). Then the central character of 
elements in II^ is x- This suggests if we want to show for any </> £ &bdd(G), the elements in II^ have the 
same central character, we can reduce to the case of simple parameters. Since the L-packet for a simple 
parameter consists of only one element, there is nothing to show in that case. So we have the following 
proposition as a consequence of Conjecture 13.101 


Proposition 3.12. Suppose 4> £ ‘L bdd(G ), the elements in 11^ all have the same central character. 

This proposition can be extended to all L-packets by the theory of Langlands quotient. 

3.5. Proof of Theorem 12.61 Let GCGbe two quasisplit connected reductive groups over F such that 
Gder = Gder and we denote G/G by D. 

1- >G - rG^^D -rl 


We assume 6 is an automorphism of G preserving an F-splitting of G, and A is ^-invariant. Let G + = 
Gx < 9 >. 

Lemma 3.13. Suppose (f> £ <&bdd(G) and n £ II^ then 

(3.15) < x , (n + ) 9 >£= u x (g) < x, 7T + 

for any g £ G(F) and x £ S®, where u x = a(x) and ir + is an irreducible representation of G + (F) 
containing vr in its restriction. 

Proof. Let 7r = 7 r(p) for p £ Irr (S^). If 7 r ^ n e , then p x ^ p for x £ <S? (cf. Lemma 15.1 1 and Coniecture l2.3l) . 
Therefore < x, ir + ><p= 0 for x £ S^. and hence (I3.15j) is clear. Now we will only concern the case n = n e . 
Suppose s £ S^ and (Hi, <j> H ) ((f>, s), then by (13.141) we have 

< x ’ n+ >t 

wen ^ 

rv 0 
7T=7T 

for f £ C%°(G(F)), where x is the image of s in <S®. We can also reformulate this identity by taking 

/ £ Cf°(G(F) x 9) and view it as in Cf°(G(F)) by sending g to g x 9, so that we can define its transfer 
as before. The resulting identity is 

<x ^ + >±fG+(K + ) 

For g £ G(F), h £ G(F) x 9 we denote f 9 (h) = f(ghg ~ 1 ). Then by Lemma [331 and (|3.9|) we have 

(f 9 ) Hl =u x (g)f H \ 

and hence 

Using the character identity to expand each side, we get 

(3.16) ^ < x ’ n+ >± /g+( 7F+ ) = 22 °° x (g) < x,n + 

ttgiu ttgiu 


> 4 > /g+( 7F+ ) 
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The left hand side of (J3.16I) is equal to 

(3.17) Y < *> 7r+ >± fG+({n + ) 9 1 )=Y1 < ®>( 7r+ ) ff >±fc+{^ + ) 

Tren^ rren^ 

where we substitute 7 r + for (vr + ) 9 \ Compared with the right hand side of (13.161) . this may possibly 
change the extension of it by some twist of characters of G + (F)/G(F). Nevertheless, the right hand side 
of (13.161) is independent of the extensions, so we can certainly choose the same extension as the right 
hand side of (13.171) . So after these changes, we get 

Y < X, (7T + ) 9 >^/ G+ (vr + ) = Y Uxig) < X,TT + >0 /g+(7T + ), 

-n-en^ 

and hence 

< x, (tt + ) 9 >0= u x (g) < x,ir + >0 

by the linear independence of twisted characters. □ 

Now we are going to prove Theorem 12.61 For f> £ &bdd(G), recall there is a homomorphism 

a : Sj ->• Hom(G(F)/G(F),C x ), 

so we can define the homomorphism G(F) —>• (S^j* in the theorem by letting s g (x) = a(x)(g) = co x (g). 
Fix 7 r £ and x £ S^, we denote the image of x in £ by 6 . then x £ S^. Let S' =< 0 > and ir"' = 
it follows from Lemma 13.131 that for any g £ G{F) 

< X, (7r s ') 9 >0= £g(x) < x, 7 T S ' >0 . 

On the other hand, we have from (12.61) 

<-,7T S >0Le'= Y m.(7T S ,7r S ') < -,7r S ' >0 . 

- 

Since m(( 7 r s ) 9 , (tt^') 9 ) = m( 7 r s , ■ 7 ^ s, ), then 

< X, (7 T S ) g >0 = Y rn(( 7 T S ) 9 , ( 7 T S ') S ) < X, (7r E ') 9 >^= Y m (7r E , 7T E ')s g (x) < X, 7 T S ' >£ 


7r 1 






= e g (x) < x,i r S >0 . 

As we vary 7r £ 11^ and x £ S^, this equality still holds. Therefore we have proved the theorem. 

3.6. Proof of Conjecture 12.21 In this section, we want to show that Conjecture 12.21 is a special case of 
Theorem l2.6l The main step is to clarify the three ingredients in defining the homomorphism G ad (F ) —>• S ^ 
in the statement of the conjecture. First we need to recall the construction of ^-extension. It is a 
consequence of the following more general construction. 

Proposition 3.14. Suppose F is afield of characteristic zero, G and G r are reductive groups over F. If 
G 1 is semisimple and there is a covering G' —> G der , then there exists a central extension of G 


1 




-4 G' -> G ■ 


-> 1 


such that 


• G' der = G'; 

• The projection G' der —>• G der coincides with G' —> G der ; 

• Z is an induced torus, in particular, H l {F,Z) = 1. 

Remark 3.15. When G' = G sc , G' is the usual z-extension of G. For the proof of this proposition, we 
refer the reader to ( |MS82j . Propositon 3.1) and |Lan79 ]. 
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Now we want to construct the Tate local duality for nonabelian reductive groups. Let F be a local field 
of characteristic zero and G be a connected reductive group over F. Let G' = G/Zq, then Z G i = Zq/Zq. 
We apply Proposition 13.141 to the natural projection G' —> G a d, and we get an extension G' of G a d 

1 -> z -> G' -> G ad -> 1 

such that G' der = G' and H l (F,Z) = 1. Moreover, Z = Z^ n and we denote G'/G' by D. Consider the 
exact sequence 

1 - > Q - » G’ D - > 1 

The restriction to the centres gives 

1 -> Zq/ -> Zq, - > D -> 1 , 

and it induces the following exact sequence 

Z d ,(F)D(F) - >H\F,Z g ,) - >H\F,Z d ,) = 1 . 

Therefore 

H\F,Zg,) = D(F)/lm(Z d ,(F) 4 D(F)). 

On the other hand, one considers the following diagram. 

1 


D 


1 -> G xr ->■ G ' -> Zg, -» 1 


G' 


1 

Note 7Ti (G') = G sc O D and G' = Gder , so we get a short exact sequence 

1 'ffl(Gder') ^ G) ^ ^G f ^ 

This induces the following exact sequence 

vro (Z T ~) - >H\F, bidder)) - >H\F,D) - > H\F,Zq,). 

By the Tate-Nakayama duality for tori (see | Kot84j . (3.3.1)), we have 7To(Z~,)* = H l (F, Z^,,) = 1, and 

hence 7 ro(Z~ ) = 1. Therefore 
G r 


H\F,^{Gder)) = Ker (H\F,D) -a H\F,Z&)). 


It also follows from the Tate-Nakayama duality for tori that H l (F,D) (resp. H l {F, Z^,)) is canonically 
isomorphic to the group of continuous characters of finite orders on D(F) (resp. Z^,(F)) (see [ Kot84j . 
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(3.3.2)). Since Im (Zg,(F) A D(F )) has finite index in D(F ), Ker (H 1 (F,D) —> H 1 (F, Z^,)) is isomor¬ 
phic to characters of D(F) that are trivial on Im (Z^,(F) A D(F )), and this is exactly the dual of 
D(F)/lm (Zq,(F) A D(F)). Hence we get a perfect pairing 
(3.18) H\F,Z g ,) x F[ 1 (F,TTi(Gd er )) —»■ C x . 

The fact that this pairing is independent of the choice of extension with respect to G' —¥ G a d is because 
of the following proposition. 

Proposition 3.16. (1) If there is another extension 


1 




-j- G(-> G ad - ¥ 1 


dominating the original extension, i.e., there is a surjection G[ 
diagram commutes 

1- ¥ Z\ -> G\ -> G a d -* 1 


1 


-¥Z 


-¥ G' 


G a d ■ 


-4 1 . 


G' such that the following 


Then the pairing (|3.18l) obtained from this extension is the same as the original one. 
(2) If there are two extensions 


1 - ¥ Zi - ¥ G\ - ¥ G a d -* 1 - (* — 1 ) 2 ) 

Then one can find a third extension which dominates both of them. 

The proof of part (i) is straightforward and we leave it to the reader. The proof of part (ii) can be 
found in ( |Kot82j . Lemma 1.1). 

Since H l (F,Z d ,) = 1, then G ad {F) = G'(F)/Z d ,(F) and 


G ad (F) = G'(F)/Z d ,(F) ^ D(F)/Im(Z d ,(F) A D(F)) = H\F,Z g .) 

defines the homomorphism G a d{F ) H 1 (F 1 Z G >) in the introduction. Just like the Tate local duality 
pairing, one can show this homomorphism is independent of the choice of extension with respect to 

G' —¥ Gad- 

Finally, if tf E $bdd(G), we have defined a homomorphism 5 : —¥ H 1 (Wf,D) (see (13.31) 1. By 

Lemma 13.31 the image of 5 is finite. So 5 factors through A ^ and the image lies in H 1 (F,D). Moreover, 

we claim the image of 6 lies in Ker(iL 1 (i ? , D) —¥ H 1 (F, Z^,)). In fact, this follows from the proof of 
Lemma 13.31 For the convenience of the reader, we repeat that argument here. For s E S let s be a 

preimage of s in G'. Recall 

5(s) : u i->- 'sf){u)'s~ 1 f){u)~ 1 = sa u (s ~ 1 ) • <j u (s)^(u)'s~' i '^(u)~ 1 

'- - ---' 

CGsc 

for u € Lp and a u is the image of u in T. Note the decomposition of 5(s)(u) factors through T. Then 
our claim follows from the following diagram. 

H\F,D) 

H\F,G SC ) - ¥ H 1 (F, 

So we obtain a homomorphism 5 : A ^ —¥ H 1 (F,tti(G c 



G'))- >H\F,Z dl ) 

ler ) ) • 
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From the construction above, we obtain a homomorphism G a d(F ) — ¥ AJ, which sends g to r) g . It is 
easy to check that 

Vg(s) = a(x)(g) 

for s £ A(j, with image x £ S^, and g £ G'(F ) with image g £ G a d(F). As a consequence, g g £ and 
Conjecture 12.21 follows from Theorem 12.61 immediately. 

4. Central character 

For cj) £ 4>(G), one can associate a character x<j> of Zg(F) as in the introduction. By Proposition 13.121 
we see the central characters of elements in 11^ are the same. So we can talk about the central character of 
an L-packet, and we would like to show it is equal to x<t>■ By the construction of x<j> and also nontempered 
L-packets, we see it suffices to prove this for f £ ^bdd(G). Note if f is simple, II^ contains only one 
element and we would like to assume the central character of II 0 is x<p- Then it is enough to check how 
Xcf) and the central character of representations change with respect to the endoscopic transfer. 

Lemma 4.1. Let cj) £ &bdd(G) and s £ 5^. Suppose for any (Hi,(f> ) -A (cj>,s), the central character of 

II is X 4 >h 1 > then the central character of II^ is Xcj> ■ 

Proof. First we want to reduce to the case Pi = L H. To do so, we can simply take a z-extension of G 

1 - ¥ Z\ - ¥ G\ - ¥ G - ¥ 1, 

and denote the image of in <&bdd(G\) by <f\. Note (Gi)d er = G sc , then by a result of Langlands (see 
Proposition 1, |Lan79j ). (j) factors though an endoscopic datum (Hi, L H\, s, £i). This gives a natural 
embedding ■ Pi —> L H\ and a ^-extension 

1-> Z\ - Hi - ¥ H -> 1. 

Therefore, (H\ ) is a z- pair for Pi. By our assumption, x<j> Hl the central character of 11^ . If we 

can show x<j>\ is the central character of n^ 1; then the same is true for x<j>- 

From now on, we assume Pi = L H and we take H\ = H. By the definition of x<t>i we need to take a 
torus Z containing the centre Zq of G, and form G = (G x Z)/Zq. Then H can be lifted to a twisted 
endoscopic group H of G. Let f H be a lift of <f H , and it gives a lift f> of f>. Then x<p H = Xj, H \z H aR d 
X .9 = Xi\z G - Note Xj, = Xl ■ (Xf, H \z s ), where x^ is dual to 

W F i!^ Lq ^ L Zg . 

On the other hand, the central character of 11^ only differs from the restriction of that of II^^ to Zq by 
Xfj 1 ■ This follows from our proof of Proposition 13.121 bv taking C = C\ = Zq. Since xc = Xq\Zgi ^ 
is enough to show y^- = X- 1 - To give the definition of XQi we nee d to fix r-splittings (Bg, Tg, {X a ^ }) 

and (B,T,{X a }) for both H and G. By taking certain G-conjugate of £, we can assume f(Tg) = T, 
and Bg C B. We also choose a maximal torus Tg of H defined over F, and choose an admissible 
embedding Tg —¥ T together with y-data on R(G, T). The admissible embedding identifies L Tg with L T , 
and transports y-data from R(G,T) to R(H,Tg). The y-data give embeddings : L Tg —¥ L H and 

: l T —¥ l G. Then there exists a 1-cocycle a F of Wp in T with transported Galois action from T such 
that 

(4.1) £ ° 

and y - 1 is dual to 

W F ^¥T^ L G^ L Z d . 
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By the constructions of and (see |LS87| . 2.5), one can see (Wf) C x ILV and £^(1Ff) C 

Gder x Wf, so if we restrict both sides of (14.111 to Wf and compose them with L G —>• L Z we get an 
equality for the duals of x \r and Xq- Therefore, Xjr = X~q ■ □ 

It is clear that this lemma implies Proposition 12.41 

5. Twist by automorphism and quasicharacter 

Let 9 be an automorphism of G preserving an T-splitting. Let a be an element in H 1 (Wf, Z(G)), 
which is associated with a quasicharacter uj of G(F). In this section we want to prove Proposition 12.71 

Lemma 5.1. Suppose < j> £ <&bdd(G) is not simple, then Tl^e = IlJL Moreover, 

< x,n e >^e=< 6~ X x6 , it >0 

for any ir £ 11^ and x £ S^e. 

Proof. For s £ S<p, we assume ) —> ( 4>,s ), with respect to (H,7i,s,£) and 2-pair Then 

we have —>■ (cj> e , 9s9~ l ), with respect to {H,'H,QsQ~ 1 ,f e ) and the same 2-pair (L/i,£/q). To 

make a distinction, we denote the transfer factor with respect to (H, H, OsQ~ l , £ e ) by A g,h’, and the 

transfer by f H ' 1 for / € C%°(G(F)). Note f H ' x is defined on H\(F). 

If / £ C%°(G(F)), we can choose the transfers so that they satisfy 

(5.1) U 9 ) H [ = f H T 

To see this, let 71 be a semisimple strongly G-regular element of H\ (F), let Tu 1 be the centralizer of 71. 
Let Th be the projection of Th 1 on H, and 7 £ H(F) be the image of 71. We fix an admissible embedding 
Th —>• T with respect to (H, 77,s, £), and denote the image of 7 by <5. Then the admissible embedding of 
Th with respect to (H, TL, OsQ~ l , f e ) becomes the composition of 

T H ^T ^ 9~ X (T). 

This is because the endoscopic embedding £ changes to £ e . Note 7 maps to 0 _1 (<5) under this admissible 
embedding. Then 

so Hl {.{f 9 ) H GTx) = E a GiH( (7 i,e-\5'))o G (f e ,e~\5')) 

{ <5 '}G(F)~st{<5}G(F) 

E A GiH( ( 7l ,0- 1 ( ( j'))O G (/, ( 5 / )- 

{ <5 '}G(F)~st{<5}G(F) 

By the definition of transfer factors, one can check 

7i,0 -1 (£')) = A Gi Hi(7i ) ^ , ) ! 

so we have 

SO Hl ((f e ) H[ ,li) = SO Hl (f H \xi)- 

It follows from (15.11) that 

f Hl (t Hl ) = (/T^)- 

Now we can expand both sides by the endoscopic character identities: 

= E < x ^>± /g(tt), 

and 

(/ e )^(^ Hl ) = E < ^ _1 > 7r >± e /gW 

7r6n 0 e 
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= E < 1 > 7r /g(^ *), 

7reI V 

where x is the image of s in S^. By linear independence of characters, for any 7 r' G Lf^e, there exists 
7 T G n 0 such that 7 r® = 7 r'. This shows II® = II^s. Moreover, 

< x,n > 0 =< 0X0” 1 , tt' > ( j ) e=< 0x0 _1 ,7r® >^s 


Let x' = 0x0 1 G i5ys, then we get < 0 1 x' 0 , 7 r >^,=< a/, 7 r® >^ 9 . 


□ 


Lemma 5 . 2 . Suppose f> G &bdd{G) is not simple, then Lf^a = Lf^ <gicj. Moreover, 


< X, 7T <g) UJ >^®a=< X, 7T >0 . 

for any 1 r G Lf^ and x G 5^ = where a is a \-cocyle of Wf in Z(G ) representing a. 

Proof. For s G £</,, we assume (. H\,(j) H ) —>• (4>,s), with respect to (H,PL, s,f) and 2 -pair Then 

we have ) -A- (<^xg>a, s), with respect to (H,PL,s,^ <8>a) and the same 2 -pair (L/ 1 , 177 ). To make 

a distinction, we denote the transfer factor with respect to (H, PL, s, f <8> a) by A GH [, and the transfer by 
f H i for / G C%°(G(F)). Note f H 'i is defined on H\{F). 

If / G C%°(G(F)), one can choose the transfers so that they satisfy 

(5.2) (/(gua- 1 )^ =f Hl . 


To see this, let 71 be a semisimple strongly G-regular element of H\(F), let Th x be the centralizer of 71 . 
Let Th be the projection of Th 1 on FI, and 7 G H(F) be the image of 71. We fix an admissible embedding 
Th —>• T with respect to (Ff, PL, s, £), and denote the image of 7 by 6 . Then the admissible embedding of 
Th with respect to (H,PL,s,£ <8>a) is the same. 

SO Hl ({f 71 ) = E A G,H' 1 ( r ri,6 l )OG{f <S>a; - 1 ,<5') 

{ 5 '}G(F)~si{ 5 }G(F) 

E &G,H' 1 ('ri, 8 >- 1 (S')OG(f, 6 '). 

{<>'}G(F)~st{6}G(F) 


Moreover, we have 


Ag,h’{ 1,5') = u(6')A g ,h(7 ,S '). 

In fact, this difference between transfer factors only comes from A m, or more precisely A 2 (see |LS87j . 
Section 3.5 for its definition). Therefore, 


SO Hl ((f® cj-Y^Ti) = SO Hl (f H \ 71 ). 

It follows from (15.211 that 

Now we can expand both sides by the endoscopic character identities: 


f Hl (0 H J = E <x ^>±fc{ tt), 

7ren 0 


(/®w 1 )^(^ Hl )= E < Z,7T >0®a (/®w X )g(7t) 

= E < X, 7 T f G ( 7 T 

7rGll00 a 


and 
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where x is the image of s in = 5^®a- By linear independence of characters, for any ir' G n^a there 
exists 7 r G II^ such that ir 1 ® a ; -1 = 7r. This implies Il 0 ® a = II^ < 8 > ui. Furthermore, 

< X, 7T <g> OJ >0®a = < X, 7r' >0®a = < X,1T >£. 

This finishes the proof. 

□ 


6 . Lifting L-packet 

Let GCGbe two quasisplit connected reductive groups over F, such that Gder = Gder and we denote 
G/G by D. Suppose f> € ^bdd(G), and f is the image of cf> under <&bdd{G) —> ^bdd(G). then it is conjectured 
that n^| G = n^. The problem we want to study is to what extent one can understand the L-packet of G 
from that of G. Therefore, we will only assume the endoscopic hypothesis (i.e., (I2.ip . Conjecture 12.51 and 
Conjecture 13. 101) for G and all its twisted endoscopic groups. To be more precise, this will be our working 
assumption in Section T6.2116.41 It follows the previous results the we have proved about the desiderata of 
L-packets are valid for G. 

6.1. Representation theoretic preparation. We start by investigating the restriction multi-map 
IipG'P.F)) —> II (G(F)). Similar discussion of this restriction multi-map can also be found in | )LL79| . 
1HSI21 and |CK82| . 

Lemma 6.1. If it is an irreducible smooth representation ofG(F), then the restriction of it to G(F) is a 
direct sum of finitely many irreducible smooth representations. 

Proof. Since 7 r has a central character Xfii it is enough to show the restriction of 7 r to Z^(F)G(F) is a 
direct sum of finitely many irreducible smooth representations. Note | D{F) : X(Z^(F))\ is finite, so the 
index |G(F) : Zq(F)G(F)\ = |A(G(F)) : A (Z^(F))\ < \D(F) : X(Zq(F))\ is also finite. Then this lemma 
follows from the following algebraic result. 

□ 

Lemma 6.2. Let G and H be two groups, such that H is a normal subgroup of G and G/H is finite. 

(1) If it is an irreducible representation ofG, then the restriction of it to H is a direct sum of finitely 
many irreducible representations. 

(2) If 7 r is an irreducible representation of H, then there exists an irreducible representation it of G 
which contains it in its restriction to H. 

Proof. (1) Let g \, g-z, ■ ■ ■ ,g r be the representatives of G/H and g\ = 1. Let us assume the restriction of 
it to H is reducible. We first need to show there exists a direct sum decomposition of the representa¬ 
tion space V = V(H I h) = ©L it(g Vi )W for some proper R-invariant subspace W, and 1 ^ Vi ^ r. 
Suppose there exists a direct sum 0 / © i=i ir{g v .)W C V, then p)fc=i © ; :=i 7 t{gk 9 vi)W = 0 for it 
is invariant under G, but not equal to V. Hence we can choose {k\ , k 2 , ■ ■ ■, k m } C { 1 , 2, • • • , r} so 
that W CljLi ©Ui Hdk.gv^W = 0 , but W' = Wr\T=i 0i *iSk^W + O. Here we let W’ = W 
if rn = 1 . Since W' fl ®- =1 ^{(]k m 9v^ w = tlien w> + ®!-i ^{ 9 k m 9 vi)W is again a direct sum. 
Note that we have increased the number of direct summands by 1. By repeating this argument, 
we will end up with a direct sum which is either the whole space V or equal to ©■_ 1 it(gi)W" 
with respect to some R-invariant subspace 0 / W" C W. In the latter case, it is again equal to 
V for it is invariant under G. 

Now we can assume there is a direct sum decomposition of V = ©L it (gin ) W with respect 
to some W. Suppose W is reducible, then there exists an //-invariant subspace W’ in W, and 
©L H(g Vi )W' 7 ^ V. This implies l < r. Hence W must be irreducible if l = r. In case l < r, we 
can apply the argument in the previous paragraph and find W" in W' so that V = 
and m > l. If W" is reducible we can repeat this argument until either we get an irreducible 
subrepresentation in which case the proof is done, or we decompose V into a direct sum of r 
subspaces. In the latter case, it is clear now each subspace has to be irreducible. Therefore it can 











ON A LIFTING PROBLEM OF L-PACKETS 


27 


be decomposed into a finite direct sum of irreducible iL-representations. Moreover, it is easy to 
see the direct summands run over all the isomorphism classes of G-conjugates of any irreducible 
representation ir contained in tt\h- 

(2) Let it be any irreducible representation of G, from Frobenius reciprocity we have 

Horn#(Res^ir, 7r) = Homc(7r, Ind^Tr). 

Then it is easy to see from part (i) of the lemma that 7r contains 77 in its restriction to H if 
and only if ir is a subrepresentation of cr = Ind^7r. So it is enough to show er has an irreducible 
subrepresentaion. Note that ct\h = @[ =1 ir 9i , so we have projections pi : V(cr) -A V(n 9i ). If W 
is a G-invariant subspace of V(cr), we are going to define a sequence of subspaces as follows. Let 
W\ = W, W 2 = Ker p\\w-n W3 = Ker p 2 \w 2 >" ' ,W r = Kerp r _i|v^ r ._ 1 , and W r+ 1 = 0. Then we 
have 

0 = W r+ 1 C W r C W r -\ C • • • C Wi = W, 

where Wi/W%+ 1 — / n 9i or 0 for 1 ^ i ^ r. In particular there exists a unique sequence of integers 
r ^ s m > s m - 1 > ■ ■ ■ > si ^ 1 such that 

0 C W Sm C W Sm _ 1 C • • • C W S1 = W, 

with W Si /W Si+1 — 77 9s i for 1 ^ i ^ m — 1 and W Sm = ir 9rn . We call m = m(W) the length 
of W. Now let us take a proper G-invariant subspace W of minimal length, then W has to be 
irreducible. Otherwise, there exists another G-invariant subspace W' C W, and if {si, s 2 , • • • , s m } 
is associated with W, then W' s ./W' s C W Si /W Si+1 ~ 7r 9s i. From here we see m(W') < m(W), 
and hence m(W') = m(W). This means W' Sm = W Sm and W' s ./W' s = W Si /W Si+1 . Therefore 
W' = W. 

□ 

As an immediate consequence of part (ii) of this lemma, we have the following corollary. 

Corollary 6.3. If ir is an irreducible smooth representation of G{F), then there exists an irreducible 
smooth representation it of G(F) which contains it in its restriction to G(F). In particular, the central 
character x-k can be extended to a character of Z^(F). 

Proof. Let Zp be a closed subgroup of Zq(F) such that Zp n Zg{F) = 1 and D(F)/X(Zp) is finite. 
Then we can extend 77 to ZpG{F) through the trivial character on Zp. Since G(F)/ZpG(F) is finite, the 
existence of 7r follows from Lemma 16.21 directly, and moreover its central character Xir extends Xn■ 

The closed subgroup Zp can be constructed as follows. We first choose an F-subtorus G of Z~, such that 
= CZq and G fl Zq is finite. It is easy to see A (C(F)) has finite index in D(F), and |G(F) fl Zq{F)\ 

is finite. Next we choose integer m such that Zp := {x m : x £ C(F)} has no torsion points. Then 
Zp n Zq{F) = 1, and X(Zf) also has finite index in D(F). 

□ 

Reviewing part (ii) of Lemma 16.21 we see the irreducible subrepresentations of Ind^7r give all the 
irreducible representations of G whose restriction to H contains it. So it is interesting to determine the 
structure of Ind^77. This may not be easy in general, but when G/H is abelian and the irreducible 
representations of H satisfy Schur’s Lemma, one can actually compute the induction very explicitly. 
Especially, note that if Zp is a closed subgroup of Z^(F) such that D(F)/X(Zp) is finite, G(F)/ZpG(F) 
is also abelian. So now we are going to calculate Ind^77 under the assumption that G/H is abelian. In 
fact, we can take any sequence of normal subgroups 

H = H 0 C Hi C ■ ■ ■ C Hi C • • • C H r = G 
such that Hipi/Hi is cyclic and of prime order. Then 

Ind^77 = Ind^ r l • • • Ind^‘ +1 • • • Indj^Tr. 
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As we will see for any irreducible representation a of Hi, the induction Ind^* +1 cr is always semisimple, 
so it is enough for us to consider the case when G/H is a cyclic group of prime order p. Let g € G be a 
generator of the cyclic group G/H and let us assume ir 9 = n, then there exists an intertwining operator 
A of V ( 7 r) such that for all h G H we have 

A o 7r(/i) = n(ghg^ 1 ) o A. 


So 


A v o 7T (h) = n(g p hg p ) o A p = ir(g p ) o ir(h) o ir(g p ) 1 o A p , 


and 

( 7 r(< 7 P ) _1 o A p ) o n(h) = 7 r(h) o (7 T{g p )~ l o A p ). 

Since 7r is irreducible, 7 f(g p )^ 1 o A p = cl for some constant c. After rescaling A, we can assume c = 1 
and hence A p = ir(g p ). This shows we can extend 7r to an irreducible representation 7r of G by defining 
if (g) = A. In fact if we change the scaling of A by a p-th root of unity, we can get another extension 
■if 8 u> for some character u> of G/H. Let {uji} p =1 be all the characters of G/H , then it is easy to see that 
if 8 uji are distinct for all 1 ^ i ^ p. Our claim is 


( 6 . 1 ) 


p 

Ind^7T = if 8 07j. 
2=1 


To see this, we first get inclusions from n 8 0 Ji to Ind^7r for all 1 ^ i ^ p by Frobenius reciprocity. Then 
this gives a G-invariant homomorphism from if 8 to Ind^7r. Since if <8 Ui are distinct, then this 

homomorphism must be injective. Otherwise the image of some if 8 a;*, will be contained in the image of 
7r <8 Wi, but that is impossible. The subjectivity will follow from a simple argument on the lengths 
of representations as defined in the proof of part (ii) of Lemma 16.21 when we restrict to H. Finally, if 
ir g % 7r, then Ind^7r is irreducible because any irreducible subrepresentation of Ind^7r contains n 9 ' for 
1 G 'i G P in its restriction to H. 

Pv( jp\ 

Next, we will give a formula for Ind~ v 7 r, where 7r is an irreducible smooth representation of G(F), 

ZpG{F) 

which can be extended to ZpG(F) through some quasicharacter x of Zp. Let us denote 


G(tt) = {g€ G(F) : f 9 2* ir}. 

Suppose Gp is a maximal subgroup of G(F), to which one can extend 7 r. Note that such G l F may not be 
unique. If we denote such an extension by 7T 1 , then by (16.11) we have 

Ind Sc(F ) ,r ~ © 

ue(G},/Z F G(F))* 


and 


Ind~ (F) 7T = Ind^Ind^ 

' Crr 


ZpG(F) 


Z f G(F) 


© Ind^i F) ( 7 T 1 <8 cj ). 


ue {G\/Z f G(F)Y 


Note that Ind^P^Tr 1 ®w) is irreducible, so we can assume 7 f = Ind^^V 1 by making a good choice 

of 7T 1 . Now we want to count the multiplicities in the decomposition of Ind~^ 7r above. Observe 

ZfG(F) 

G(jt). So we consider the homomorphism 


Ind^ 7T 1 = Indgj (7T 1 (8a;) if and only if (7T 1 ) 9 = 7T 1 for some g € G(F). In fact such g must be i 


m 


G( tt)-> (G'p/ZpGiF))* 


9^ 


■> uj : (tt 1 ) 9 = 7 T 1 8 a ; 




ON A LIFTING PROBLEM OF L-PACKETS 


29 


and the kernel is Gp by maximality. If we denote the image of this homomorphism by c(ir), then 

(6.2) lnd f F F G {F f - 1^)1 © Ind^CTr 1 ®^). 

we(Gi,/Z F GCF))*/c(7r) 

As a consequence of this formula, we have the following corollaries. 


Corollary 6.4. Ifir is an irreducible smooth representation of G(F), then the irreducible smooth represen¬ 
tationit ofG(F), which contains ir in its restriction toG(F), is unique up to twisting by Hom(G(F)/G(F), C x ). 

Proof. As in Corollary 16.31 we can let Zp be a closed subgroup of Z^(F) such that Zp D Zq(F) = 1 and 
D(F)/X(Zp) is finite. Then for any two irreducible smooth representations it \, if 2 , which contain 7 r in 
their restrictions to G(F), one can choose u> £ Hom(G(i ? )/G'(l ? ),C >< ) such that the restrictions of Hi 
and 7T2 to ZpG(F) all contain the same representation which extends ir. By Frobenius reciprocity and 
(16.21) . tti® u = tt2® uj' for some u / € (G(F) / ZpG(F))*. Therefore, tt\ = tt2 □ 

Corollary 6.5. If it is an irreducible smooth representation ofG(F), then the irreducible smooth repre¬ 
sentation 7T of G(F) in the restriction of it all have the same multiplicity and it is equal to |c(7 r)|. 

Proof. It follows from the proof of Lemma 16.21 that Res^|^7r consists of isomorphism classes of ir 9 for 

g £ G(F). By (|6.2I) and Frobenius reciprocity, the multiplicity of 7 t 9 is |c(7t 9 )| = |c(7r)|. This finishes the 
proof. □ 

Lemma 6.6. Suppose it is an irreducible smooth generic representation of G(F), then the multiplicity of 
irreducible smooth representation 7 r of G(F) in the restriction of it is equal to one. 


Proof. Since it is generic, there exists a generic representation 7r of G(F) in the restriction of it. For 
g £ G(ir), the intertwining operator A g : ir —>• ir 9 will preserve the Whittaker functional up to a scalar. 
Here we are using the uniqueness of Whittaker model. As a consequence, we can normalize A g for all 
g £ G(tt), so that they all preserve the Whittaker functional. Then one can check easily that ir can be 
extended by these intertwining operators to G(ir). This means Gp = G(ir), and hence |c(7r)| = 1. Now 
this lemma will follow from Corollary 16.51 □ 

If 7T is an irreducible smooth representation of G(F), let us denote 

X(H) = {ui£ (G(F)/Z d (F)G(F))* : ir <g> w = ir}. 

We denote the multiplicity of an irreducible smooth representation 7r of G(F) in the restriction of 7r by 
m(H,Tr). Next we want to give a formula for m(a,ir) in terms of X(it) and G{ir). 


Corollary 6.7. If it is an irreducible smooth representation of G(F) and ir is contained in its restriction 
to G(F), then 


(6.3) 


m(H, ir) 2 


~ !*(*)! 

\G{F)/G{ir)\' 


Proof. It follows from Corollary 16.51 that rn(it, ir) = |c(7r)|. By definition, |c(7r)| = \G{ir)/G l F \. On the 
other hand, it follows from (16.21) that X(H) is the preimage of c(ir) under 


(G(F)/Z d (F)G(F))* —»■ {G 1 f /Z 5 {F)G{F)Y. 

Note the kernel of this map is (■ G(F)/Gp)*, so |A(7r)| = |c(7r)| • | G(F)/Gp 
two identities, we get 


c(tt)| 2 


\G(F)/G(ir)\' 


Cancelling Gp from these 


This finishes the proof. 


□ 
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Remark 6.8. In the next section, we will consider the situation that both G and H as in Lemma 16.21 are 
finite groups. It is not hard to see that the corollaries above can also be stated for such pairs, and the 
proofs are the same. 

At last, we show the restriction multi-map II(G(i ? )) H(G(F)) preserves temperedness. 

Lemma 6.9. Suppose if is an irreducible smooth unitary representation of G(F), then if is an essential 
discrete series representation of G(F) if and only if its restriction to G(F) consists of essential discrete 
series representations. The same is true of the tempered representations. 

Proof. If if is an essential discrete series representation then the matrix coefficient < n(g)v, w v > for 
v £ V(tt) and w w £ IL(if) v is a square integrable function modulo the centre. In particular, its restriction 
to G(F) is square integrable modulo the centre, hence the restriction of if consists of essential discrete 
series representations. Conversely, we can write the matrix coefficient of if as a piecewise defined function 
on the components of G(F)/Zp,(F)G(F), where on each component it is defined as 

< if (hg)v,w v >=< Tx{h){Tx{g)v),w y > 

for some fixed representatives g £ G(F ) of G(F)/Zq(F)G(F) and h £ Zq(F)G(F), which is a matrix 
coefficient of the restriction of if. So the restriction of if consisting of essential discrete series representa¬ 
tions implies if is an essential discrete series representation. The same kind of argument also applies to 
tempered representations when we replace the condition of square integrability by L 2+e . 

□ 


6.2. Coarse L-packet. In this section, we want to describe the preimage of L-packets of G under 
II(G(F)) —» II(G(F)). To do so, we need the following hypothesis. 


Hypothesis 1. Suppose f £ $bdd{G), let p £ IrrfSp) and r £ Irr(Sp) be in the restriction p\$-■ Let if be 

an irreducible smooth representation of G{F), whose restriction to G(F ) contains it = n(p), then for any 
x £ Sp 

r x = t «=> if = if <g> UJ X . 


Moreover, 

X(n) = a(Sp(r)), 

where Sp(r) = {x £ Sp : t x = r}. 


It is clear that this hypothesis is a consequence of Conjecture 12.31 for G , which is not assumed in 
Section El Since this hypothesis will be used on top of our working assumption for this section, we will 
point it out whenever we assume this hypothesis. The next proposition is kind of dual to this hypothesis. 

Proposition 6.10. Suppose f £ &bdd(G), let p £ Irr(Sp) and it = ir(p). Let 

X{p) = {e £ (Sp/S^)* : pZ)£ = p}, 

then {e g : g £ G'(tt)} = X(p), where s g (x) = u x (g) = a(x)(g) for x £ Sp. 

Proof. For g £ G(tt), by Lemma f3. 131 

<X,TT >p=< X, 7 T 9 >p= £ g (x ) < X , 7 T >p, 

and hence £ g £ X{p). This shows {£ g : g £ G(-7r)} C X{p). 

For the other direction, note the map a : x iw x embeds Sp/S^ into Hom(G(l ? )/G(F),C x ) (see (13.61) 1. 

so the map g i—>■ e g from G(F ) to ( Sp/S^)* is surjective. Hence for any e £ X{p), we can assume e = £ g 
for some g £ G(F). Then 

< X, IT 9 >P= £g{x) < X, TT >P=< X, 7 T >p. 

By injectivity of the map 7 r —>< -,tt >p, one must have it 9 = 7 r , i.e. , g £ G(tt). □ 
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Corollary 6.11. Suppose f £ &bdd(G), let p £ IrrfS^f) and n = 7r(p). Let 

Ker(X(p)) = [x £ : e{x) = 1 for all e £ X(p)}, 

then a(Ker(X(p))) = (G(F)/G(ir))*. 

Proof. Consider the pairing G(F) x 5^, —> C x which sends (g, x) to e g (x) = a(x)(g). It becomes a perfect 
pairing of abelian groups after taking quotients by S p C S^, and U C G(F), which is annihilated by Sq. 
We claim U C G(ir). This is because if e g = 1, then 

< X, 7 T 9 > 0 = £g{x) < X, n >^=< X, TT >0 . 

By injectivity of the map 7r —»•< -,tt >$, one must have ir 9 = 7 r, i.e., g £ G(ir). By Proposition 16.101 and 
the Pontryagin duality applied to the perfect pairing G(F)/U x S<j,/S p —> C x , we have a perfect pairing 
(G(F)/U)/(G(tt)/U) x Ker {X{p))/S- ± -A C x . Therefore, (G(F)/G(n))* = {{G{F)/U)/{G^)/U)Y = 
a(Ker (X(p))). □ 


Proposition 6.12. Suppose <f> £ &bdd(G), let p £ Irr(S,p) and r £ Irr(S p ) be in the restriction p\$- with 

multiplicity m(p,r). Let n be an irreducible smooth representation of G(F) whose restriction to G(F) 
contains 7r = 7 r(p). Under Hypothesis [3 we have m( 7r,7r) = m(p, r). 


Proof. By Corollary 16.71 we have 

Similarly, one can show 


m( 7 T, 7r ) 2 = 


I*(tt)| 


m(p,T) 2 = 


\G(F)/G(n)\ 
\X(p)\ 


\S±/S±(t)\ 

(see Remark 16.81) . To relate these two expressions, we take Hypothesis [1] and apply Corollary 16. Ill to the 
formula of m(7r,7r) 2 , and we get 


|a(5^(r))| |5^(r)/6^| 

|a(Ker(X(p)))| |Ker(X(p))/S^| 

\S t {r)/S- t \ \S^(t)/S^\\X(p)\ ]x{p)l 

~ | (s ± /s^y/x(p)\ ~ |(V^)I “ \s ± /s ± (t)\ 

= m(p,r) 2 . 


Hence m(7r, 7r) = m(p,r). 


□ 


This proposition suggests that m(7r, n) = 1 if is abelian. For classical groups, it has been shown that 
is always abelian (see [Artl3j . |Mokl4j ). On the other hand, when G is a symplectic group or special 

even orthogonal group, and G is its similitude group, it has been proved that m{fk, ir) = 1 (see |SF06] , 
Theorem 1.4). In fact, one can prove Hypothesis [T] under the assumption that m(7r,7r) = m(p, r) = 1. 


Proposition 6.13. Suppose cf) £ ^bdd(G), let p £ Irr(S^) and r £ Irr{S p ) be in the restriction p|$.. 

Let 7 r be an irreducible smooth representation of G(F), whose restriction to G{F) contains n = 7r(p). If 
m{ 7T,7r) = m(p,r) = 1, then for any x £ Sp 

T X = T 7T = 7T <g> U x . 


Moreover, 

X(tt) = a(S^(r)), 


where (S^,(r) = { 2 ; £ : t x = r}. 
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Proof. If m(jr,7r) = m(p,r) = 1, then X(j f) = (G(F)/G(ir))* and X(p) = (S^/S^t))* . It follows 
Ker(X(p)) = S^(t). By Corollary 16.111 X(tt) = a(Ker(X(p))) = a(5<^(r)). This implies the direction 
“=>■”. For the other direction, one can always choose xo £ 5^(r) such that uj x = u Xo , which implies 
xx q 1 £ Si. Hence x £ «S^(r). □ 

For cf) £ <&bdd(G), we assume the central character of n^, is x<f>- Let us fix a character of Zq(F) such 
that X4>\z c {F) = X<j>- Then we define II^ to be the subset of n(G(F)) with central character x<j>, whose 
restriction to G(F) are contained in n^. Let X = H.om(G(F) /Z^(F)G(F),C X ), then X acts on 11^^ 

by twisting. We call n ^ a coarse L-packet for G and its structure can be described in the following 
proposition. 

Proposition 6.14. Suppose <fi £ &bdd(G) and Xcj> is chosen as above. We assume Hypothesis QJ 

(1) If p £ Irr(S^), then the G(F)-conjugate orbit ofir(p) has size \a(Ker(X(p)))\. 

(2) There is a pairing (not necessarily unique) 

(6.4) 7r— ><-,i r >0 

from to S^, such that 

(a) 

< •, 7T <g> 0J X ></>=< X(-)X~ 

for x £ S$. 

(b) 

< -,vr | 5 . = m(7r,7r) 

x&S^/SXt) 

for any tt £ in the restriction of tt. 

Moreover, it sends the generic representation to the trivial character of . 

Proof. Suppose 7 r £ n^, then the orbit of 7 r under the conjugate action of G(F) has size \G{F)/G(tt)\. 
By Corollary I6TT1 we know a(Ker(X(p))) = (G(F)/G(n))*. Hence \{G{F)/G(tt))\ = |(G(F)/G(tt))*| = 
|a(Ker(X(p)))|. 

For the second part, we can choose any tt(p) in the restriction of 7 t £ ^ and choose any irreducible 

subrepresentation r in p\s^- We also fix a set of representatives {u)i} in X of X/a{Sfjf). We assign r to 
all 7 r <g) 0 Ji and extend to if <g> ui for any uj £ X by letting 

(6.5) < -, tt <g) uj x >(/,:=< x(-)x _ 1 , 7 f >0 

for x £ S,],. This is well-defined because of Hypothesis [U By this construction, it is clear that (a) is 
satisfied. Moreover, this definition is independent of choice of ir{p). To see this, let us replace 7 r(p) by 
7 r{p) 9 for g £ G(F ), by Lemma 13.131 we have 

< •, F 9 >0 \ S f = UJ x (g) < ', TT >4 | 5i =< •, 7 T >0 \ Sl - 

Then (b) follows from (a) and Proposition ^. 12l Finally, if 7 r is generic, there exists a generic representation 
tt in its restriction, i.e., < -, 7 r ></,= 1. It is easy to see that < -,tt ><p= 1 by our construction. 

□ 

6.3. Compatibility with 0-twist. Before we give the refinement of ^, we want to show how the 
pairing in Proposition 16.141 can also be made to satisfy a special case of Conjecture 12.31 First we would 
like to generalize Hypothesis |T] to the 0-twisted case. 


; TT >0 


< -, 7T <g> U x >0 
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Hypothesis 2. Suppose (f £ <&bdd(G), let p £ Irr(S 0 ) and r £ Irr(Sbe in the restriction p\$ ~. Let 7 r 

be an irreducible smooth representation of G(F) whose restriction to G(F) contains ir(p), then for any 
x£S e ± 

r = r ■<==>■ 7T = tt ®u x . 

Remark 6.15. (1) Fix to £ Irr (S-p, we can construct 1 — 1 correspondences between {tq : y £ 5^,} 

and {tt(tq) 0 ) u> y : y £ 5^} through ()6.5f) . where 7 t(to) £ 11^^. If we fix such a correspondence, 
and suppose S 9 acts on {tq : y £ S^}, then it follows from this hypothesis that 

tt(t x ) 9 = i r(r) ®u x , 

for any r £ {tq : y £ 5^} and x £ S 9 . More generally, if Tq := Tq° ^ {tq : y £ 5^,} for some 
xo £ S 9 , then by taking 7t(tq) such that tt(t'q) 9 = tt(to)®u} X q , we can obtain a 1 — 1 correspondence 
between {(tq) v : y £ 5^} and {tt(to) 0 ui y : y £ 5^,} again through (16.51) . Note tt(tq) € II^^, (see 
Remark l6.17l) . In this way, one can construct a pairing from ^ to Irr(<Si) as in Proposition l6.14l 
which further satisfies 

tt(t x ) 9 9* 7 r(r) 0w x , 

for any r £ Irr (St) and x £ S 9 . 

(2) For p £ Irr(<S 0 ) and r £ Irr (St) being in the restriction p|s-, it is easy to see for x £ S 9 , r x = r 
implies p x = p 0 e for some e £ (S^/S^)*. By the proof of Proposition 16. 101 there exists h £ G(F) 

such that e = Eh- Since X(p) = {e g : g £ G(ir(p))}, then h is uniquely determined modulo 
G(n(p)). It follows 

n(p) e 1 9* n(p x ) 9* 7 r(p 0 e) = tt (p) h , 

so 7 t(p) 9k = 7 r(p), where Oh = h x 6. In the special case p x = p, we can prove the hypothesis under 
Hypothesis |T] 


Proposition 6.16. Suppose <f> £ ^bdd(G), let p £ Irr(Stf,) and r £ Irr(S^) be in the restriction p\s -. Let 

7 f be an irreducible smooth representation of G(F) whose restriction to G(F) contains 7 r = 7 r(p). We 
assume Hypothesis Q] and p x = p for x £ S 9 , then for any x £ S 9 

r = r -<=> 7r = 7 T 0 . 

Proof. Since 7r(p) e = n(p x *) for x £ S 9 . then by our assumption 7r = 7 r 9 . This means we have xo £ S 9 
such that < xo,7r + >^ 0, in particular, t x ° = r. By (13.151) . 

< x Q , (n + ) 9 > 0 = u xo (g) < x 0 ,7r + >0 . 


Take g £ G(tt), we get 

< X 0 , ( TT + ) 9 >0 / G +(vT + ) = U xo (g) < Xo,7 T + >0 / G +(tT + ) = (ff) < X 0 , ( tT + ) 9 >0 / G + (( 7r+ ) 9 )> 

for f £ C%°(G(F) xi 0). Hence 

(6-6) / g+ ((7t + ) 9 ) = Wx 0 (ff) _1 /G+(^ + )- 


Let be a maximal subgroup of G(F), to which one can extend 7 r. Then we take the extension 7T 1 
of 7r such that 7r = Ind^P'V 1 . Since 7 ^(g) intertwines between 7 r and tt 9 , and tt + (0) intertwines between 

'-'F _ 

7r and 7 t 9 , it follows from (16.61) that 

7 T l (0g0~ l ) = ui XQ (g ) • 7r + (6»)7r 1 (g)7r + (6') _1 . 

This means (tt 1 ) 9 = 7 r 1 0 (a^J^), an d hence tt 9 = tt 0 u XQ . 
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Now suppose r x = t for some x £ S®, then xx^ 1 £ <S^(r). From Hypothesis HI we have t f = If ® w IX -i, 
then jt e = fr g oj xo = 7 t <g> u x . Conversely, if 7r 0 = tt <g> 00 x for some x £ S®, then ix ® uo x = hr ® co XQ . It 
follows again from Hypothesis Q] that xxff 1 £ S ( p(r), and hence t x = r. 

□ 

Remark 6.17. Let to £ Irr(<S~ ; ) and po £ Irr(5^) be both trivial. Then it is clear that pjj — Po for x £ <S® 

and m(po,To) = 1. Let tt be an irreducible smooth representation of G(F) whose restriction to G(F ) 
contains n = 7r(po). Note 7r = 7r(po) is generic, so by Lemma 16.61 we have m(7f, 7r) = 1. It follows 
from Proposition 16.131 that Hypothesis [1] is satisfied for such n and tt. Therefore the assumptions of this 
proposition are all satisfied in this case, and we have 7f e = tt ® cu x for any x € <S®. Suppose if £ Lip,3^, 
i.e., if has central character x<f> ( see Proposition 16.140 . then this implies = X<j> ' w x \ z s (F) any x G <S®. 

6.4. Conjectural refinement. The refinement of L-packets of G should be a section of certain choice 
of the pairing LI —> S^ given in Proposition 16.141 for which we make the following conjecture. 

Conjecture 6.18. Suppose cf £ &bdd(G), and x<p is a character of Z^{F) whose restriction to Zg{F) is 
X(j>- Let x = X(j>\z F - Then one can construct a pairing of Llp,^ -4► <S^ as in Proposition \6.1f \ and a section 
H^, which satisfies the following properties: 

(1) 

^ = | | H^ <8> to. 

uj€:X/ cx.(S ( f ) ) 

(2) For f G C^°(G(F),x) ? the distribution 

/($)'■= <l ^ 

is stable. 

(3) Suppose s is a semisimple element in S^ and ( <f>,s). Suppose exists and it 

satisfies (i) and (ii). Then we can choose some twist of Hi by Hom(H\(F)/H\(F),C X ), which 

is still denoted the same, such that 

(6.7) f Sl (i Hl )= E f£C™(G(F),x) 

ifen^ 

where x is the image of s in S^. 

(4) Suppose s is a semisimple element in S ® and ) —> (4>,s). Let x be the image of s in S^, 

and co = a(x). Suppose exists and it satisfies (i) and (ii). Then for any r £ Irr(S^) such 

that t x = t, and any extension t\ of t to the group generated by S~ and x, one can associate it 
with an intertwining operator A^^(d,co) : if(r) tg> co —> hr fir) 6 such that for some twist of by 

Hom(H\(F)/Hi(F),C x ), which is still denoted the same, we have 

(6.8) f H tracefirfix)) ■ f & fitfir),uo), f € C™(G(F),x) 

T£lrr(Sfi) 

T X = T~ 

It is clear that (16.81) generalizes (16.71) . In the setup of this conjecture, for x £ and r £ Irr(<S^) 

such that t x = t, let 7r be an irreducible constituent in tt(t)\g, then ir 6h = tt, where x determines 
h £ G(F)/G(tt) as in Remark 16.151 (ii). We fix a representative of h in G(F), then 7 r(h) o A^^(0,co) 
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induces an intertwining operator Aj^(0h) ■ /(t) —> /( ir) eh by restricting to the 7r-isotypic component 
I(tt) in So 

(6-9) (/I z F G{F)-h)&^ T )^ u ) = fG e h(I(ir)), 

^G7t(t)| G 

where / G C£°(G(F), x) is obtained by letting f(g) = f(gh) and f G e h (I(n)) is the twisted character of 
I(n) generalizing (|3.12l) . We would like to restrict (|6.8|> to / G C£°(G(F),x) supported on ZpG(F) ■ h. 
To write down the formula we make the following conjecture. 

Conjecture 6.19. In the setup of the Conjecture 1 6.181 let t' = r y . t[ = t\ for y G S^, and suppose t[ 
is associated with A^r T i\(9,uj) : tt(t') <g> uj —> If we identify the representation space of and 

7r(r) such that i r(r') = 7 t(t) < 8 )ui y , then A^^ t i\{9,uj) = A^^(9,uj). 

As a result, we have 

( 6 . 10 ) f H 1 (± Hi ) = trace (' r i( x ))- u v( h ))fcfih( I (^)), 

fGlI^ ydS^JS^fr) 
ir=ir s h ~ ~ 

where A(9h) is normalized according to ri and / is supported on ZpG(F) ■ h. We should point out when 
9h = id, Ajm ( id ) is not necessarily trivial, although the notation for the twisted character then becomes 
the same as that for the ordinary one. Moreover, it is implied by this formula that if f G e h {I{ 7r)) is not 
zero, then the sum 

trace{r\(x)) ■ iw y {h) 

y&S^/S^fr) 

must be well-defined, i.e., for any y' G S^t), 

trace(rf (x)) ■ ui y (h) = tracefrf 9 (x)) ■ uj yy >(h). 

At last we want to point out (16.101) generalizes the formula (13.141) to the case where the automorphism of 
the group needs not preserve an F-splitting. 

6.5. Classical groups. The endoscopic hypothesis ( ([2.ID . Conjecture 12.51 and Conjecture 13.101) has been 
proven under slight modification for quasisplit classical groups (cf. [Art 13] . [Mokl4| i. In this section we 
will look into the case of symplectic groups and special even orthogonal groups. So from now on, G will 
always be a split symplectic group, or a quasisplit special even orthogonal group, where the outer twist 
comes from the conjugation by the full orthogonal group. Let G be the corresponding similitude group. 
There is an exact sequence 

(6.11) 1- rG -» G —^-4 G m ->1, 

where A is called the similitude character. We fix an automorphism 9q of G preserving an F-splitting. 
When G is symplectic, we require 8q to be trivial. When G is special even orthogonal, we require 6$ to 
be the unique nontrivial outer automorphism induced from the conjugation of the full orthogonal group. 
Clearly, 9$ = 1, 9$ extends to G by acting trivially on Z g, and A is ^-invariant. Let So =< #o >• Note 
So acts on n(G(F)) and its dual So acts on <I>(G). So we denote the set of So-orbits in n(G(F)) by 
n(G(.F)) and the set of So-orbits in $(£) by <&(G). Similarly, we can define LI temp{G(F)), &bdd(G), and 
analogues of these sets for G. Now we will recall the conjectures in the introduction by stating them as 
theorems in the case of symplectic groups and special even orthogonal groups. 

Theorem 6.20 ( }Artl3j . Theorem 1.5.1). There is a canonical way to associate any [</>] G <f>(G) with a 
finite subset LI $ of Il(G(F)) such that 

n (G(f)) = y %, 

Me*(G) 
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and 

n temp{G{F)) = JJ n*. 


Theorem 6.21 ( [Art 13] . Theorem 1.5.1 and Proposition 8.3.2). We fix a So -stable Whittaker datum 
(B, A) for G, and suppose [4>\ G &bdd(G). 

( 1 ) There is a Ho-orbit of (B , A )-generic representations in 

(2) There is a canonical pairing between and S^, which induces an inclusion from to the 
characters S^ 



[n] I-> < *,7T > 0 , 

such that it sends the (B, A)-generic representation to the trivial character. This becomes a bijec- 
tion when F is nonarchimedean. 

Remark 6.22. When F is archimedean, it follows from |Kos78| that the So-orbit of (B, A)-generic rep¬ 
resentations in ft,* is unique. When F is nonarchimedean, one can deduce the uniqueness of generic 
representation using the results from |JS03] , [Liull] and ]JL14| (see [Art 13] . Remark in 8.3). 

For \(f\ G &bdd(G), we can define n^° to be the set of all isomorphism classes of irreducible smooth 
representations of G^°(F), whose restriction to G(F) belong to n^. Note <S^° is always abelian in the 
current case (see [Artl3j . Section 1.4). 

Theorem 6.23 (Arthur). We fix a TiQ-stable Whittaker datum (B, A) for G, and suppose [fi] G &hdd(G). 
(1) There is a canonical pairing between II )) 0 and <S )) 0 , which induces an inclusion from II )) 0 to the 

characters S$ ° 

n?- 


7T S ° I-> < vr-^ 0 >$ 

This becomes a bijection when F is nonarchimedean. Moreover, this pairing is an extension of 
that in Theorem \6.21\ in the sense that 

F ',7V i >(fj |(S^ ^ "5 7T >(f>: 

where vr G vr s °|( 3 . 

(2) In case G is special even orthogonal, the following statements are equivalent: 

(a) contains an element [ 71 ] such that ir e ° = it; 

(b) For any [ 71 ] G ft^,, 7r e ° = n; 

(c) S e l ^ 0. 

Remark 6.24. Although this theorem is not stated in [Art 13] . one can view it as a consequence of Theo- 
rem !6.25l Moreover, we expect the ( B , A)-generic representation in II )) 0 correspond to the trivial character 

If H is a 0-twisted endoscopic group of G for 6 G So, Arthur shows H = M; x G\ x G 2 , where Mi 
is a product of general linear groups, Gi (i = 1,2) is also a symplectic group or special even orthogonal 
group. We define a group of automorphisms of H by taking the product of Sq on each Gi, and we 
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denote this group again by So- Then by combining the local Langlands correspondence for GL(n) (cf. 
[HTOl], jHenOOj and |Schl3] L all the previous theorems of Arthur can be extended to H. In particular, 
the L-packets for H are formed by tensor products of those of each factor. Let 71(G) (resp. 'H(H)) be the 
space of Xo-invariant smooth compactly supported functions on G(F) (resp. H(F)). Then the twisted 
endoscopic transfer sends 77(G) to 7i(H ), and there is no need to consider z-pairs here. 


Theorem 6.25 ([ Art 13] , Theorem 2 . 2.1 and Theorem 2.2.4). Suppose [</>] £ ^bdd(G). 

(1) 

(6-12) /(0):= £ /gW, /eH(G) 

[7r] eflqb 


is stable. 

(2) Suppose 0 £ Xq, s is a semisimple element in S^, and (H,c/) h ) —> (4>,s). Then 


(6.13) f H (7 H ) = £ < x,vr + >0 f G e(n) 

Men,*, 

for f £ 77(G), where x is the image of s in S^, and n + is an extension of ir to G + (F) := G(F)x < 
0 > with tt + ( 0) = A n (9). If G is special even orthogonal and ^ 0, one can replace 71(G) by 
C?(G(F)). 


It follows from the second part of Theorem 16.231 that. 11^ = II^ unless G is special even orthogonal and 
Sj* = 0. In the exceptional case, we have the following refined statement. 


Theorem 6.26 ( }Artl3j . Theorem 8.4.1). Suppose G is special even orthogonal, [(j)] £ &bdd(G) and 



( 1 ) 


tt y] 

There exists a unique subset II^ C 0 



G up 
UL4 


to 9o-twist, such that 

= n *°lc 


(6.14) 


m ■■= £ /gW> / € Cf°(G(F)) 




is stable. 

(2) Suppose s is a semisimple element in S^, and (H,4> h ) —■t (4>,s). Then there exists IIC \h, 
which can be constructed from part (i), such that 

(6-15) f H (7 H ) = £ < x ' 71 >± /gW 

7r6ll ^ 

for f £ C^°(G(F)), where x is the image of s in S^. 


It follows from this theorem and Proposition 13.121 that the central character of 11^ is well defined. Since 
So acts trivially on Zq, we can define the central character of Ll^ to be that of II^. Moreover, x.4> only 
depends on [<f>\. 


Proposition 6.27. For [i f\ £ <&bdd(G), the central character o/II^ is equal to x<t>- 


Proof. Let 7 To be the generic representation in Ll (/) . Since Zg(F) = Z 2 , it suffices to show Xir 0 (~ 1) = 
X<j>(— I)- Suppose G is split, then Deligne [Del76] showed X4>(~ 1) = £(1/2 ,p s td 0 </>, Vr) (defined by 
Langlands), and Lapid |Lap04| showed Xir 0 (— 1) = £(1/2, fq, p s td, 7 ’f) (defined by Shahidi). In both 
formulas p s td is the standard representation of L G. It is now known the local Langlands correspondence 
for G preserves these epsilon factors (see |JS03| . jLiullj . [JL14j L in particular, 

£(1/2, Pstd 0 <t>,^F) = e(l/2,7r 0 ,Pstd,1pF)- 


























38 


BIN XU 


So Xtt 0 {— 1) = X4 >(~!)• Suppose G is not split, then G has to be special even orthogonal. We can 
view G as an endoscopic group of the split symplectic group G + of the same T-rank, and let [</>] map 
to [<^ + ] £ ^Md{G+) through the endoscopic embedding. Let 7r +i o be the generic representation in LI^ + . 
From the proof of Lemma 14.11 we have 

X*+(-l)/X»r+,o(-l) = X.(f )( f) /Xtto ( f)• 

Note we have x</>+(~1) = X 7 r + , 0 ( — 1) from the split case. Therefore, x^(—1) = Xtto( — 1)- This finishes the 
proof. □ 

As a consequence of these results, the results in Section 16.21 and Section 16.31 are unconditional. In fact 
we could obtain stronger results, which will be summarized below. 

Proposition 6.28. Suppose [4>\ £ &bdd{G), and [7r] £ If n is an irreducible smooth representation of 
G(F) whose restriction to G(F) contains tt, then for 6 £ So and oj £ Hom(G(F)/G(F),C x ), 

it 9 = 7T <g) w 4=^ uj £ a(S^). 

In particular, X(it) = a{S^). 

Proof. If 9 = id, this follows from Proposition 16.131 and we will have X{i r) = a(S r j ) ). So we can assume 
G is special even orthogonal and 9 = 9q. Note the direction “ <^= ” follows from Proposition 16.161 For the 
other direction, we suppose tt 9 ° = tt®uj. Then tt 9 ° = tt 9 for some g £ G(F). If S^° = 0, by Theorem 16.261 

we can assume tt £ 11^. Then tt e ° £ II^ 0 , tt 9 £ 11^,, and we get a contradiction. So S^° ^ 0, and by 
Theorem 16.251 tt 9 ° = tt. Let ujq £ a(5^°), we know tt 9 ° = rt <E> ojq. Therefore, tt = tt <g> ujuj 0 1 , which means 
wWq 1 £ a(5^). Hence u £ a(<S^°). □ 

For [c f>\ £ &bdd{G), let us fix a character x<j> of Zq{F) such that Xif>\z G (F) = X<j>- We dehne fl^ to 
be the subset of II(Cr(-F)) with central character x</,, whose restriction to G(F) are contained in LI^. Let 
X = Rom(G(F)/Z d {F)G(F),C x ). 

Proposition 6.29. Suppose [cj>\ € $bdd(G) and x^ is chosen as above. 

(1) The orbits in under the conjugate action ofG(F) all have size \S^/Sg\. If F is nonarchimedean, 
there are exactly |«S^| orbits. 

(2) There is a natural fibration 

X/a{Sp -* %/G{F). 

(3) There is a unique pairing 

[TT] -»< ', TT >0 

from Tl^xt/X into S^, satisfying 

<X,TT >0 = < b{x),TT >£, 

where l : S^, tt is in the restriction of tt. It sends the generic representation to the trivial 

character. Moreover, this map from tl^/X to S^ is injective and when F is nonarchimedean it 
is in fact a bijection. 

Proof. The proof essentially follows from that of Proposition 16.141 and the uniqueness of this pairing is 
due to the fact that <S^ is abelian. The last property follows from the same property of the pairing between 
L^ and < S^. □ 

Finally, for the conjectural refinement of ^, we would like to state it in the following two theorems. 
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Theorem 6.30. Suppose [(p] £ ^bdd(G), and Xd> is a character of Z^,{F) whose restriction to Zg(F) 
is x<t>- Let x = X<t>\z F ■ Then there exists a subset of unique up to twisting by X, and it is 

characterized by the following properties: 

(!) 

%,m= U 

ueX/a(S^>) 

(2) For f £ 1~L(G,x), the distribution 

f(i) : = X /gW 

is stable. 

Recall a 0-twisted endoscopic group H of G for 9 £ So takes the form F[ = Mi x Gi x G 2 . Let Gi 
(i = 1,2) be the similitude group of Gi with similitude character Aj. Suppose Ft is the (6, w)-twisted 
endoscopic group of G lifted from H under Proposition 13.11 then (cf. |Morll] l 

H = {(x,g 1 ,g 2 ) € Mi x Gi x G 2 : Xi(gi) = X 2 (g 2 )}, 

where Mi is a product of general linear groups, and Xu(x, gi, g 2 ) := X\ (g\ ). For [4>h\ G ^bdd(H), we 
can assume (pH = (pi x (pi x (p 2 , where (pi £ ^bdd(Mi), [(pi] £ ^bdd(Gi) (i = 1,2). Fix a character 
X(j >H of Zg(F), which is the restriction of some character x<t>i ® X<j>i <S> Xfa of Mi x G\ x G 2 , then by 
Theorem 16.301 we can define 11^ to be the restriction of II^ <g 11 ^ ( g which is unique up to twisting 

by Rom(H(F)/Z s (F)H(F),C x )- 

Theorem 6.31. Suppose [(p] € &bdd(G), and %<f> a character of Z^(F) whose restriction to Zq(F) is 
X<j>- Let x = X<t>\z F ■ Suppose 9 £ So, s is a semisimple element in S^ and ( H,(p H ) —> (<p,s). Let x be the 
image of s in S^, and uj = a(x). Fix a packet LI 7 ^ with X^hIz^ = X</>Xc ( c f■ Section \3Gj\ ), then we can 
choose in Theorem 16'. SLA such that 

(6-16) f H ($ H )= X /£^(G,x) 

where A f (9,iu) is normalized in a way so that if f £ TL(G,x) the restriction of f on G{F), then 

(6.17) (/Iz f G(F))g^’ w ) = X < x,n + >^/ G fl(7r) 

n£n\c 

where tx + is an extension of n to G + (F ) := G(F)x < 9 > with tt + ( 9) = A n (9). 

Remark 6.32. (1) Theorem 16.301 and Theorem 16.311 are the main local results in |Xul5| . Their proofs 

involve global methods, and the main tool is the stabilization of the twisted Arthur-Selberg trace 
formula due to Moeglin and Waldspurger. 

(2) If F is archimedean, both theorems will follow from Theorem 16.251 directly. This is clear when 
F = C for G(C) = Zq(C)G(C). When F = R, it is known by results of Harish-Chandra (cf. 
[HC75] . Theorem 27.1) that if 11^ consists of discrete series representations of G(R), then X(n) = 
X for any [tt\ £ ft^. So = ft^. Moreover, for Z R = Zg(M) and / £ H(G, x<j>) 

f($ = TY| X X ® w ) = TJA X (/ 0 w )@ = (/U g (R)G(R))@ = /(£), 

cj(E.X [7r]Gn^ ujGX 

where / € TL{G,x<f> ) is the restriction of /. So the stability of follows from that of Ll^. For 
general tempered L-packets, they can be constructed by parabolic induction from the discrete 
series L-packets of Levi subgroups of G. For (16.161) . by a standard descent argument we can 
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reduce it to the case that H is elliptic (i.e., H = G\ x G 2 ) and consists of discrete series 
representations of H(F). In this case, by Proposition 16.281 one can check X(j r) = X for any 

[ff] € (cf. |Xul5j . Proposition 6.9). Let Zr = Z^(M), then the right hand side of (16.161) 

becomes 

= Y1 < X,TT + >^f G e(TT). 

s-efi^ Tren^ Trefl^, 

One can also check A#(Z^(M)) = A(Zg(M)). As a result, under Zg ^ Z^. we have Zg(M.)H(R) = 
Zg(R.)H(M). So the left hand side of (16.161) becomes 

= if**\z s (F)H( R))(& H ) = (f^\z d (R)H(R))(& H ) = (f\z s (R)G(S.))** 

By Lemma [Ml {f\z d (R)G(R)) H (0 H ) = = /^(^)- Therefore, (|6.16p follows from fl6.13|) 

in this case. 

Appendix A. 

Let F be a local field of characteristic zero and let G be a quasisplit connected reductive group over 
F. In this appendix, we would like to recall Langlands’ construction of 

(A.l) H 1 {Wf,Z(G)) —> Hom(G(F),C x ), 

and we will also show it is an isomorphism. To define this homomorphism, we first need to take a 
z-extension of G 

1-» Z -> G' -> G -> 1, 

where G' := G' der is simply connected and H 1 (F , Z) = 1. Let G'/G' = D , and we have an exact sequence 

1-> G' -> G' D -> 1. 

Since G' is adjoint, D = Z(G') and hence H l {W F ,Z{G')) = H 1 (W F ,D) = Hom(L>(i ? ),C x ) by the local 
Langlands correspondence for tori. By pulling back quasicharacters of D(F ) to G'(F), we then get a 
homomorphism 

(A.2) H\Wf,Z(G')) ->• Hom(G'(F),C x ). 

Next we consider the following Ti?-equivariant exact sequence 

1-r Z{G) -> Z(G')-> Z -> 1 . 

It induces a long exact sequence 

vr 0 (Z r ^)- >H l (W F ,Z{G)) - >H l (W F ,Z(G')) - tH 1 {W f ,Z) 

By Tate-Nakayama duality, we have fq (Z Ff ) = H l {F , Z)* = 1. So we get an inclusion H 1 (W F , Z(G)) 

H 1 (W F , Z(G')). On the other hand, G'(F)/Z(F) = G(F), so we also have an inclusion Hom(G(F), C x ) ^ 
Hon^G^-F), C x ). Then (IA.1I) is defined to satisfy the following commutative diagram 

1- >H 1 (W f ,Z(G)) - >H l {W F ,Z{G')) - >H l (W F ,Z) 



1 -> Hom(G(F), C x )-»Hom(G , (.F),C x )-> Hom(Z(F), C x ). 


To show (IA.1I) is an isomorphism, from this diagram it is enough to know (jA.2l) is an isomorphism. 
Since G' is semisimple simply connected, HomPG^i 7 ), C x ) = 1, which implies (IA.2I) is surjective. For the 
















































ON A LIFTING PROBLEM OF L-PACKETS 


41 


injectivity, we need to show A '(G'(F)) = D(F). We choose a maximal torus T' of G 1 , and let T' = T'f\G'. 
The short exact sequence 

1-» T -> T' D -> 1 

induces the following exact sequence 

T\F) — D(F) -—^-4 H 1 (F, T'). 

By Tate-Nakayama duality, Ff l {F , T') = )*. Now let T' be the Levi component of a Borel subgroup 

B' of G 1 , and we fix a T-splitting {B', T', {A^}} for G'. Then there is a T-equivariant isomorphism 



1 1-(a v (i)), 

where C x = C x , a v are simple coroots of {G',T'), and the T-action on ]^ f> C x is given by permutations 

on the indexing set of simple roots. Clearly, T’ 1 = C x ) r is connected, i.e., 7r 0 (T' r )* = 1. This 
implies A \T\F)) = D(F), and hence \'(G'(F)) = D(F). 
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